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ABSTRACT

ORBITS OF TENSORS OVER FINITE FIELDS

NOUR ALNAJJARINE
Mathematics Ph.D DISSERTATION, July 2022

Dissertation Supervisor: Prof. Dr. Michel Lavrauw

Keywords: Tensors, Ranks, Segre Variety, Veronese Surface, Linear Systems of

Conics

This thesis forms part of a project aiming to classify subspaces of PG(5,¢q) under
the action of the subgroup K < PGL(6,q) stabilising the Veronese surface V(F,),
where F, is the finite field of order ¢. Firstly, we determine the K-orbits of solids
of PG(5,¢) in the case where ¢ is even. We compute as well two useful combinato-
rial invariants of each type of solids, namely their point-orbit and hyperplane-orbit
distributions. Additionally, we calculate the stabiliser of each orbit representative,
and thereby obtain the size of each orbit. The classification of solids in PG(5,¢)
corresponds to the classification of pencils of conics in PG(2,q), ¢ even. The latter
classification was incompletely obtained by Campbell in 1927. Our results complete
Campbell’s work and correct two of his claims. Moreover, we give a partial classifi-
cation of planes in PG(5,q), ¢ even. Specifically, we determine the K-orbits of planes
intersecting the Veronese surface in at least one point. Our proof is geometric based
on studying the different types of points that are incident with a plane 7 C PG(5,q).
In some cases, point orbit-distributions are not sufficient to characterise each or-
bit, and we tend to determine stronger geometric-combinatorial invariants such as
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line-orbit distributions and inflexion points. Finally, we introduce the GAP pack-
age, 17233, which uses some functionality from the FinIlnG package to determine
G-orbits and ranks of points in PG(FZ ®IF2 ®IF2) = PG(17,q), where G is the group
stabilising the Segre variety S722(F,). Note that, the algorithms defined in 7233
and the combinatorial tools introduced earlier can be generalised to higher-ordered
tensor product spaces, and thus one may extend these implementation tools and
classifications to higher-ordered tensor product spaces.



OZET

TENSORLERIN SONLU CIiSIMLER UZERINDEKI YORUNGELERI

NOUR ALNAJJARINE
MATEMATIK DOKTORA TEZI, Temmuz 2022

Tez Danigmani: Prof. Dr. Michel Lavrauw

Anahtar Kelimeler: Tensorler, Siralamalar, Segre Variety, Veronese Yiizeyini,

Lineer Konik Sistemler

Bu tez, Veronese yiizeyini V(F,) dengeleyen K < PGL(6,q) alt grubunun etkisi
altinda PG(5,¢) alt uzaylarim smiflandirmay1 amaclayan bir projenin pargasidir,
burda F,, ¢ dereceli sonlu cisimdir. Ilk olarak, g ift iken PG(5,q) solidlerinin K-
yortingenin belirliyoruz. Her solid tipi i¢in nokta yoriinge ve hiper diizlem yoriinge
dagimlar1 olmak tzere iki kullanigh kombinatoryal degismezi de hesapliyoruz. Ek
olarak her yoriinge temsilcisinin dengeleyicisini hesapliyoruz ve boylece her yoriin-
genin boyutunu elde ediyoruz PG(5,q) tizerinde solidlerin simflandirilmasi, ¢ ¢ift
iken PG(2,q) iizerinde konik kalemlerin siiflandirlmasimi kargihk gelir.  Ikinci
siniflandirma bilinmektedir, fakat litaratiirde hi¢ bir kanitin kaydedilmedigi, genel-
likle Campbell’in yalnizca tamamlanmamig bir stmiflandirma iceren 1927 tarihli bir
makalesine isaret edilmektedir. Yaklagimimiz, Campbell’in diizeltip tamamladigimiz
caligmasindan farkli ve bagimsizdir. Ayrica, g ¢ift iken, PG(5, ¢)’de diizlemlerin kismi
bir siiflandirmasini veriyoruz. Ozellikle, Veronese yiizeyini en az bir noktada kesen
diizlemlerin K-orbitlerini belirliyoruz. Kanitimiz geometrik olarak bir 7 C PG(5,¢)
diizlemi ile iligkili olan farkli nokta tiplerini incelemeye dayanmaktadir. Bazi durm-
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larda, nokta dagilimlar: her bir yoriingeyi karakterize etmek igin yeterli degildir. Ve
¢izgi yortinge dagilimlari ve biikiillme noktalari gibi daha giiclii geometrik kombinato-
ryal degismezleri belirleme egilimindeyiz. Son olarak, PG(F% ®F2 ®F2) = PG(17,q)
icindeki G-yoriingelerini ve nokta siniflarini belirlemek icin FinInG paketinden bazi
islevleri kullanan 7233 paketini tanitiyoruz, burada G Segre gesidi S1 2 2(IF4) ‘yii den-
geleyen gruptur. 7233 ’'te tanimlanan algoritmalarin ve daha 6nce tanitilan kom-
binatoryal araglarin daha ytiksek sirali tensor carpim uzaylarina genellestirilebile-
cegini ve bu uygulama araclarinin ve siniflandirmalarin daha ytksek sirali alanlara
genellestirilmesi olasiligini 6nerdigini unutmayin.
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1 INTRODUCTION

Tensors are fundamental in mathematics and physics with numerous applications
in complexity theory (Landsberg, 2011), representation theory (Kloda & Bader,
2009), signal processing (De Lathauwer & De Moor, 1998) and numerical linear
algebra (De Lathauwer, De Moor & Vandewalle, 2000). For instance, the problem
of determining the complexity of matrix multiplication can be rephrased as the
problem of determining the minimum number of arithmetic operations needed to
multiply two square matrices. This problem is equivalent to determining the rank
of a particular tensor (the matrix multiplication operator), and it has been only
solved for 2 x 2-matrices (Strassen, 1969; Winograd, 1971).

Many applications of tensors are concerned with the following types of questions.
Let V=F™®..®F"™ be a tensor product space defined over a field F and A€ V.

1.1 Decomposition: Can we write A as the sum of k£ fundamental tensors (ten-
sors of the form: v ®...Quv;); k€ N\ {0}?

1.2 Uniqueness: If such a writing exists, is it unique?

1.3 Algorithms: Do we have algorithms to determine the rank of A and to

decompose A as the sum of fundamental tensors?

1.4 Classification: Can we classify tensors in V' under the action of some natu-

ral groups such as the group stabilising fundamental tensors or its subgroup
defined by GL(F™1) x ... x GL(F™)?

In most tensor decomposition problems the first issue to resolve is to determine the

rank of the tensor, which is not always an easy task (Hastad, 1990). In general, most
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of the known results on tensors are considered over the complex field or algebraically
closed fields (Kloda & Bader, 2009; Landsberg, 2011). However, we are interested
in tensors over finite fields, and we focus particularly on the algorithmic and the

classification types of questions.

The group H = GL(F"™) x ... x GL(IF™) acts on the set of fundamental tensors in
V via (01 @+ @y, )909m) =o' @ . w9m and on all V by linearity. If some of the
m;’s are equal, then we can extend H by a subgroup of the symmetric group Sym,,,
to obtain the group G defined as the setwise stabiliser of fundamental tensors in V.
One may seek then to classify the G-orbits of tensors in V. This is an elementary
problem when t = 2 and becomes more difficult, depending on the field and the m;’s,
when ¢ > 3. For instance, Lavrauw and Sheekey classified in (Lavrauw & Sheekey,
2015) G-orbits of tensors in V = F2®F3 @ F3. Precisely, they proved the existence
of 15, 17, or 18 such G-orbits depending on the field being algebraically closed, the

real space, or a finite field respectively.

Indeed, one may also look at the G-orbits of subspaces of a given tensor product
space. For instance, Lavrauw and Sheekey classified the 2-dimensional subspaces of
F3 @ F3 under the action of GL(3,¢)?2Sym, by suitably contracting tensors in V =
F2®F3®F3 (Lavrauw & Sheekey, 2015, pp. 136-137). Basically, this classification
was done as a part of studying the different types of tensors in V' (Lavrauw &
Sheekey, 2015).

Similar questions arise when considering the space W = S™F™ of symmetric tensors
inV=F"®..F" and the action of G = GL(V') on W defined by (v®---®@v)J =
v9®---®v9 and expanding linearly. In this case, fundamental tensors in W corre-
spond to points of the Veronese surface in PG(W), and one may use this connection
to extract information from tensors in W. We draw a particular attention to the
case where n =2 and m = 3. Under this setting, rank-1 tensors in W correspond
to points of the Veronese surface V(F) C PG(5,F), and G induces a subgroup of
PGL(6,q), K = PGL(3,F), leaving V(F) invariant. Moreover, subspaces of PG(5,F)
correspond to linear systems of conics in PG(2,F). In particular, lines, planes and
solids in PG(5,F) correspond to 3-, 2- and 1-dimensional linear systems, respec-
tively, namely: webs, nets and pencils of conics. Therefore, classifying K-orbits of
subspaces in PG(5,F) correspond to classifying linear systems of conics in PG(2,F)

up to projective equivalence.

This problem is completely determined over R and C by Jordan and Wall who
classified pencils and nets of conics respectively over these fields ((Jordan, 1906),
(Jordan, 1907) , (Wall, 1977)). More precisely, pencils of conics correspond to solids
of PG(5,F), which correspond in turn to lines of PG(5,F) through a particular
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polarity a of PG(5,F) defined over non-characteristic 2 fields. Similarly, one can
obtain the classification of planes of PG(5,F) from that of nets of conics in PG(2,F).
In general, K-orbits of points, which correspond to K-orbits of hyperplanes through
a, are easily obtained yielding to the complete classification of subspaces of PG(5,F);
F e {R,C}.

As mentioned earlier, we are interested in working over finite fields. Let F =T,
for some prime power ¢. In this case, the subgroup K = PGL(3,q) is the setwise
stabiliser of V(F,), unless ¢ = 2. If ¢ =2, then PGL(3,2) is strictly contained in the
setwise stabiliser of V(F2) = Sym;. For ¢ odd, points, lines, solids and hyperplanes
are completely classified in PG(5,q). Indeed, K-orbits of lines and solids can be
deduced from the classification of pencil of conics in (Dickson, 1908). Moreover,
planes in PG(5,q), ¢ odd, are partially classified by Lavrauw et al. in (Lavrauw,
Popiel & Sheekey, 2020,2). For g even, K-orbits of points and hyperplanes are
easily determined, and K-orbits of lines are given in (Lavrauw & Popiel, 2020).
In principle, K-orbits of solids can be deduced from the classification of pencils of
conics over finite fields of even characteristic, which is recorded in (Hirschfeld, 1998,
Theorem 7.31). However, to the best of our knowledge, there is no proof in the
literature for the latter classification, which is attributed to Campbell (Campbell,

1927), who provided only an incomplete classification.

In this thesis, we classify and characterise solids in PG(5,q), ¢ even, and thus we
obtain an independent proof of the classification of pencils of conics over character-
istic two fields. Our proof, which shows the existence of 15 K-orbits of solids, relies
on studying some combinatorial invariants such as point-orbit and hyperplane-orbit
distributions, which measure the number of different types of points and hyperplanes
in PG(5,¢) incident with a solid S C PG(5,q). Note that hyperplane-orbit distribu-
tions can be interpreted in the setting of pencils of conics as counting the number
of double lines, pairs of real lines, pairs of conjugate imaginary lines, and nonsingu-
lar conics contained in each type of pencil. Our work is structured as follows. We
start by considering for an arbitrary solid S C PG(5, q) the possible hyperplane-orbit
distributions. Then, we discuss if solids having the same hyperplane-orbit distribu-
tion split under the action of K = PGL(3,q) or not. Sometimes, the distribution
of points and hyperplanes are not sufficient to distinguish between orbits. In such
cases, we tend to study some further combinatorial invariants such as line-orbit dis-
tributions. Additionally, we calculate the stabiliser in K of each orbit representative,
and thereby determine the size of each orbit. Finally, we compare our classification
with Campbell’s work (Campbell, 1927). We note that our arguments intentionally
exploit the connection between solids in PG(5,q) and pencils of conics in PG(2,q).

By this we mean that we generally aim to use each point of view to its advan-
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tage. For instance, there seems to be no obvious way to calculate the point-orbit
distribution of a solid by working directly with the associated pencil of conics. On
the other hand, stabilisers are sometimes significantly easier to compute by working
with pencils of conics, since we can appeal to well-known transitivity properties of
the natural action of PGL(3,¢) on PG(2,q).

This is only one part of our aim. We also classify planes in PG(5,q), ¢ even, which
intersect the Veronese surface in at least one point. In particular, we prove that
we have exactly 15 such orbits defined under the action of the group K stabilising
V(F;). We change our perspective when classifying planes to study the possible
point-orbit distributions instead of hyperplane-orbit distributions. Namely, the four-
tuple [r1,7r2,,72s,73], where r; is the number of rank-i points in a plane 7 C PG(5,q)
for i € {1,3}, 7oy, is the number of rank-2 points in 7 meeting the nucleus plane and
ros is the number of the remaining rank-2 points in 7. Note that, unlike fields of odd
characteristic, planes with at least one rank-1 point over characteristic-2 fields do
not correspond to rank-1 nets of conics, namely nets with at least one double line.
In general, determining the point orbit-distributions is not sufficient to distinguish
between the 15 orbits. For this reason, we use stronger geometric-combinatorial
tools such as line-orbit distributions and inflexion points to completely characterise
each orbit. We believe that these combinatorial tools can be generalised to higher-
ordered tensor product spaces, and thus one may look at the classification problem

in the generalised sense.

Finally, we introduce the GAP-package, T'233, which uses some functionality from
the FinIlnG package to determine orbits and ranks of points in PG(IE% ®IF2 ®IF;;’) =
PG(17,q). Our algorithms are based on the classification of tensors in V = IF(QI ®]F2 ®
F3 under the action of the subgroup of GL(V) stabilising the set of fundamental
tensors in V' (Lavrauw & Sheekey, 2015). We illustrate the importance of 7233
by Example 5.1 which shows how hard it would be to compute ranks of tensors in
PG(17,q) without this package.

1.1 Thesis Organization

In Chapter 2, we collect some definitions and theory needed in our main results.
We start with an overview of projective spaces over finite fields and some basic

definitions in group theory. We recall as well some algebraic sets that are strongly
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related to our work. We discuss then solutions of quadratic and cubic equations over
finite fields. Later, we give a detailed review about tensors, their representations
and properties over finite fields. Lastly, we introduce the problem of classifying
subspaces of PG(5,¢) under the action of the group stabilising the Veronese surface

and we explain its connection with linear systems of conics.

In Chapter 3, we present our results from (Alnajjarine, Lavrauw & Popiel, 2022)
published in the journal of Finite Fields and Their Applications. In particular, we
classify orbits of solids of PG(5,q), ¢ even, under the action of the subgroup K of
PGL(6,q) stabilising the Veronese surface. We also determine two useful combina-
torial invariants of each type of solid, namely their point-orbit and hyperplane-orbit
distributions. Additionally, we calculate the stabiliser in PGL(3,¢q) of each (type of)
solid S, and thereby determine the size of each orbit. Finally, we compare our work

with Campbell’s partial classification of pencils of conics.

In Chapter 4, we present our results from (Alnajjarine & Lavrauw, 2022). Par-
ticularly, we determine the K-orbits of planes having at least one rank-1 point in
PG(5,q), q even. Specifically, unless ¢ = 2, we prove the existence of 15 such orbits.
In general, we distinguish between orbits using point-orbit distributions, line-orbit
distributions and inflexion points. Our discussion is structured as follows. We start
by considering planes intersecting the Veronese surface V(F,) in at least three points.
We then classify planes meeting V(F,) in exactly two points. Finally, we deal with

planes having a unique intersection with V(F,).

In Chapter 5, we introduce the GAP-package T233 which is concerned with finding
orbits and ranks of points in PG(17,¢q). We start by explaining the implementation
of our main and auxiliary codes. We then find representatives of the orbits o1g,
o15 and o017. At the end, we give an example showing the importance of 7233
while computing ranks of tensors over finite fields with large orders. For a detailed
description of the codes in 7233 and for more examples, we refer to the webpage
(Alnajjarine & Lavrauw, 2020) and to our paper (Alnajjarine & Lavrauw, 2020)
published in the proceedings of MACIS 2019, Lecture Notes in Computer Science.



2 PRELIMINARIES

In this chapter, we collect some preliminary definitions, notations and results that

we use throughout the study.

2.1 Projective spaces over finite fields

Throughout the thesis, let I, denotes a finite field of order ¢ where ¢ = pl for some

prime p and positive integer h.

Definition 2.1. Let U be an (n+1)-dimensional vector space defined over F,. The
n-dimensional Desarguesian projective space, PG(U) or PG(n,q), is the quotient
space of U\ {0} by the equivalence relation ~ defined by: x ~y <= y= Az, for
some A € F,\ {0}.

The m-subspaces of PG(n,q) are the (m+ 1)-dimensional subspaces of U. In partic-
ular, points, lines, planes, solids and hyperplanes of PG(n,q) are the 1-dimensional,
2-dimensional, 3-dimensional, 4-dimensional and n-dimensional subspaces of U re-
spectively. The homogeneous coordinates of a point P in PG(n,q) are usually de-

noted by (zo : ... : ) = M2, ..., zp), however, for simplicity, we will use the notation

(0, -ees Tn)-

Alternatively, we may define a Desarguesian projective space PG(n,q) by starting

with an affine space AG(n,q), which is simply [y with its lattice of subspaces and
6



their translates, and add a hyperplane at infinity defined by parallel classes. More
specifically, the m-dimensional subspaces of the hyperplane at infinity are the par-
allel classes of the (m+ 1)-dimensional subspaces of AG(n,q). Conversely, given a
projective space PG(n,q), we can obtain an affine space by deleting a hyperplane

with its subspaces.

Sometimes we refer to PG(U) as the projective geometry associated with U. Let
U1,Uz be two vector subspaces of U. The dimension of (PG(U;),PG(Us)) is given
by
(2.1)

dim(<PG(U1), PG(UQ))) = dim(PG(Ul)) + dim(PG(Ug)) — dim(PG(Ul N UQ)),

which follows from the Grassmann dimension formula for vector spaces. Note that
PG(U; +Usy) = (PG(U1),PG(Us)) and PG(U;NU2) = PG(U;) NPG(Uz).

The following two theorems are direct applications of (2.1) and its generalisation to

a finite set of subspaces.

Theorem 2.1. Two distinct hyperplanes of PG(n,q) intersect in a subspace of di-

mension n — 2.

Theorem 2.2. A k-dimensional subspace of PG(n,q) is the intersection of n—k

hyperplanes of PG(n,q).

In particular, planes and solids of PG(5,q) are the intersection of three and two
hyperplanes respectively. Recall that a hyperplane H in PG(n,q) is defined by a
linear form, f = apXo+a1 X1+ ...+ ap Xy € Fy[Xo,..., X)), where

(2.2) H=Z(f) = {(x0,....2n) € PG(n,q) : f(w,....zn) = 0}

and [ag, ..., ay] are the dual coordinates of H.

The next proposition is a collection of some known combinatorial properties of sub-

spaces of PG(n,q).

Proposition 2.1. o The number of points of PG(n,q) is
n+1

1 _
Q’(]_lzqn+q” L 4g+1

o The number of m-dimensional subspaces of PG(n,q) is

m+1 g =1 (gt —q)..(¢" —qm) (¢ =1)(¢"—1)..(¢—1)
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o The number of k-dimensional subspaces through a given m-dimensional sub-
space of PG(n,q); k>m, is

(n_m> _ (qn—m_1)<qn—m—l_1).“<qn—k+1_1)
k—m/, (¢ m=1)(g"m"t=1)..(¢—1)

Example 2.1. The projective plane PG(2,q) has @ +q+1 points. The number of
lines in PG(2,q) is also ¢*> +q+1, which can be deduced from Proposition 2.1 or
by applying the principle of duality. Fach two lines intersect in a unique point and
each line has g+ 1 points. Dualizing the last statement, gives the following further
properties: each 2 points lie on a unique line and each point lies on q+ 1 lines of

PG(2,q).

We end this section by recalling some special components of PG(n,q). A frame of
PG(n,q) is an ordered tuple of n -+ 2 points, having no n+ 1 points contained in
a hyperplane. A well-known example of a frame is the standard frame defined by
the canonical basis {eq,...en} of FItt as (Py, P1, ..., Pay1) where Py = (e;); 0<i<n,
and P41 = (eo+...+en). A flag I’ of a projective space is a chain of subspaces of

distinct dimensions
(2.3) PG(Up) C PG(U)... c PG(U,),

whose length is the number of nontrivial subspaces in (2.3), i.e, subspaces different
from PG(n,q) and the empty space. Lastly, we define an antiflag in PG(2,q) as a

non-incident point-line pair.

2.2 Group theory

In this section, we recall some known group-theoretic notations and theorems that

we use frequently in our results.

2.2.1 Group actions



Definition 2.2. The action of a group G on a non-empty set X is defined by the
map: Gx X — X, (g,x) — x9 satisfying:

(i) ' =z, forallz € X.
(17) (x91)92 = 29192 for all x € X and g1,92 € G.

For the group-action (G, X), the stabiliser of z € X is the subgroup of G defined as
Gy={9€G:29=uzx}.
The orbit of x is the subset of X defined as
% ={29:9€q}.

For  # y € X, we have either 2% = 3% or 2%Ny® = 0. Moreover, the set {27} ,cx

forms a partition of X.

Theorem 2.3. (The Orbit-Stabiliser Theorem)
Consider the group action (G,X). There exists a 1-to-1 correspondence between x
and cosets of Gy in G. Furthermore, if G is finite, then |2%| =[G : Gy].

G

A group-action is transitive if for all x # y € X, there exists g € G such that x9 = y.
In particular, if such a “g” is unique for all pairs (x,y) € X2, then the action is called

reqular or sharply transitive.

2.2.2 Direct and semidirect products

Definition 2.3. Let (G,0) and (H,*) be two groups.

(i) The direct product of G and H, G x H, is the group defined by (g1,h1) *
(92,h2) = (g1 0 g2,h1 xh2). The direct product of m-copies of G is denoted
by G™.

(ii) Let ¢ be a group homomorphism from G to the group of automorphisms of H,
Aut(H), defined by gp = ¢4. The semidirect product of G by H, Gx H or G x4

H, is the group (G x H,x) defined by (g1,h1) *(g2,h2) = (91092, (h1(g20))*xh2).

Theorem 2.4. (Recognition Theorem for Direct Products)
Let H and K be two subgroups of a group G, such that:

(i) HK <G,



(i) HNK = {1}, and,
(tii)) G=HK ={hk:he€ H ke K}.
Then, G=H x K.

Theorem 2.5. (Recognition Theorem for Semidirect Products)

Let H and K be two subgroups of a group G, such that:
(i) H4G,
(i) HNK = {1}, and,

(iii)) G=HK.

Then, G = H x K with respect to the homomorphism ¢ from K to Aut(H) defined
by ¢r(h) =k~ 1hk.

Definition 2.4. The wreath product of a finite group G by the symmetric group
Sym,,,, G1Sym,,, is the semidirect product G™ x Sym,, defined by the action:

(91: -'agm)a = (ga(l)a '-'aga(m))'

2.2.3 Group-theoretic notations

Throughout the thesis, C} denotes the cyclic group of order k, D denotes the
dihedral group of order k, Sym;, denotes the symmetric group on k letters, GL(n, q)
denotes the general linear group of order n over Iy, E, denotes an elementary
abelian group of order ¢, and E(}J“Q denotes a group with centre Z = I, such that

E(}+2 /7 = Eg (e.g. the group of upper-unitriangular 3 x 3 matrices over [Fy).

2.3 Collineations, polarities and perspectivities

A collineation (or isomorphism) between two IFg-projective spaces PG(U) and
PG(W) having the same dimension n > 3 is a bijection from the set of subspaces
of PG(U) to the set of subspaces of PG(IV) that is incidence-preserving and type-
preserving, where the type of a projective subspace is its (projective) dimension, and

two projective subspaces are incident if and only if one contains the other. The set
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of collineations from PG(U) to itself forms a group with the composition operation,
denoted by Aut(PG(U)). The dual space of PG(U) is the projective geometry of
the dual vector space of U denoted by PG(UY). The m-dimensional subspaces of
PG(UY) are the (n—m)-dimensional subspaces of PG(U). The standard duality of
PG(U) is the collineation from the set of subspaces of PG(U) to the set of subspaces
of PG(UY), defined by mapping a point with homogeneous coordinates (ag, ..., a)

to the hyperplane with dual coordinates [aq, ..., a,] and expanding linearly.

Definition 2.5. A correlation v is a collineation of the form: v =d o1, where J is
the standard duality of PG(W) and T is a collineation from PG(U) to PG(W). If
W =UVY, then vy is a correlation of PG(U). A polarity of PG(U) is a correlation of
PG(U) of order 2.

A semilinear map between two (n+ 1)-dimensional F -vector spaces is a map ¢ sat-
isfying: (i) ¢(u+w) = ¢(u) + ¢(w) and (i) ¢p(Au) = A7¢(u), where o € Aut(F,),
AeF, and u,w € IFZLH. The set of nonsingular semilinear transformations of IFZLH
is the group GL(n+1,q) x Aut(F,), denoted by I'L(n+1,q). It is well known, that
every ¢ € I'L(n+1,q) induces a collineation ¢ of PG(n,q) which acts on the pro-
jective geometry of a subspace U of IFZH by: PG(U )5 = PG(U?). Particularly, for
¢ =(A,0) and u € FI'™, we have (u)? = (w), where w! = Au°’. The group of
collineations induced by I'L(n+1,¢) is denoted by PI'L(n+1,q). A collineation in
PI'L(n+1,q) induced from a nonsingular linear transformation of IFZH is a projec-
tivity of PG(n,q). The set of all projectivities of PG(n,q) forms a group denoted by
PGL(n+1,q).

Theorem 2.6. (Fundamental Theorem of Projective Geometry)
FEvery collineation of PG(n,q), n >3, is a collineation induced from T'L(n+1,q),
i.e, Aut(PG(n,q)) = PI'L(n+1,q).

Theorem 2.7. The projectivity group PGL(n+ 1,q) acts sharply transitive on
frames of PG(n,q).

A collineation ¢ of PG(n,q), n > 3, is azxial if there exists a hyperplane in PG(n,q)
fixed by ¢ pointwise, and it is central if there exists a point of PG(n,q) where ¢
fixes (setwise) any hyperplane through it. Every axial collineation is central and
vice versa. Moreover, the set of collineations having an axis H and a centre P forms
a group of perspectivities denoted by Pers(P,H). A perspectivity ¢ is an elation if
P € H, otherwise it is a homology. The set of elations (resp. homologies) of centre

P and axis H, E(P,H), form a group called the elation (resp. homology) group.

Theorem 2.8. The set of all perspectivities of PG(n,q) generates the projectivity
group PGL(n+1,q).
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We end this section by recalling that a Desarguesian projective plane is a translation
plane which has a line L such that for every P € L and every line L' # L passing
through P, the elation group with centre P and axis L acts transitively on points of
L'\ {P}. For more details about projective spaces, collineations, projectivity groups

and their properties we refer to (Lavrauw, 2019) and (Coxeter, 2003).

2.4 Algebraic sets

A form of degree n+ 1 over F, is a homogeneous polynomial whose nonzero terms
are all of degree n+1. An algebraic setin PG(n,q) is the zero set of a finite collection
of forms A C Fy[Xo,..., X;] defined by

Z(A) ={P ePG(n,q): f(P)=0; f € A},

where the finiteness of A is guaranteed by the Hilbert basis Theorem. A hypersurface
in PG(n,q) is an algebraic set defined by a single form in F,[ Xy, ..., X,,]. For instance,

every hyperplane is a hypersurface defined by a linear form.

Lemma 2.1. Points of a subspace of PG(n,q) define an algebraic set.

Proof. This follows from Theorem 2.2 and the property: Z(f1,..,fr) = Z(f1)N...N
Z(£,), fj € g Xo, ..., Xn]. O

An algebraic set X' in PG(n,q) is reducible if it can be written as X = X U Xo, where
X1, Xo C X are algebraic sets in PG(n,q). Otherwise, X is called irreducible. The
algebraic set X in PG(n,q) is absolutely irreducible if it is irreducible in PG(?ZH),
where F, denotes a finite extension of ;. The dimension of an algebraic set X is
the maximal length d of chains of distinct nonempty irreducible subvarieties of X.
The tangent of a point P in X = Z(f), f € Fy[Xo, ..., Xy], is the hyperplane defined

by
TP(X) . Z
= 0X;

This notion can be expended to a point P € X = Z(f1,..., fr), fj € Fq[Xo,..., Xn],
by defining the tangent as

(P)X; =0.



The point P € X is singular if dim(Tp(X)) > dim(X). If X has no singular points,

then X is called nonsingular.

2.4.1 Conics

A conic in PG(2,q) is an algebraic set defined by C = Z(f), where

(2.4) f = Z ai]-Xin

0<ii<2

and a;; € Fy, for 0 <7 < j <2. Tangent, secant and external lines to C are lines of
PG(2,¢) meeting C in one, two and zero points respectively. If ¢ is odd, then every
point of PG(2,¢) lies on exactly two tangents, % secant and % external lines to
C. If ¢ is even, then every point of PG(2,¢) lies on a unique tangent, 4 secant and 4
external lines to C. Furthermore, tangents to C in PG(2,q), ¢ even, are concurrent
meeting at the nucleus point (Hirschfeld, 1998, Chapter 7).

Up to projective equivalence, there are 4 types of conics in PG(2,q):
(i) a unique nonsingular conic, and
(ii) three classes of singular conics, namely:
(ii-a) double lines,
(ii-b) pairs of real lines, and
(ii-c) pairs of (conjugate) imaginary lines, i.e, lines defined in PG(2,¢?).
The following criterion determines when a conic is nonsingular.

Lemma 2.2. (Hirschfeld, 1998, Theorem 7.16)
A conic C in PG(2,q), q even, is absolutely irreducible (or, equivalently, nonsingular)

if and only if aooa%Q + ana%Q + agga%l + aprapzaiz # 0.

The group of the conic: Consider the Veronese map defined by
Vi PG(LQ) — PG(27Q>

(930,:131) = (:E%,xoxl,x%),
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Then, the image of the projective line under vq ;1 is the conic C defined by
(2.5) YoYe — Y2 =0.

The subgroup G(C) of PGL(3, q) stabilising C is equivalent to PGL(2,¢) through the
bijection ® defined by:

a? ab b2
a b
D — |2ac ad-+bc 2bd]| .
¢ 2 2
c cd d

Therefore, G(C) acts on C as PGL(2,q) acts on PG(1,q), i.e, 3-transitively. This
group is known as the group of the conic which acts transitively on secant, tangent

and external lines to C. The proof of these properties can be found in (Hirschfeld,
1998, Chapter 7).

2.4.2 Cubic curves and surfaces

Cubic curves and surfaces are algebraic sets in PG(2,¢) and PG(3,q) defined by
C = Z(f) and S = Z(g) respectively, where

(2.6) f: Z aiijinXk and g = Z CLiijinXk.

0<isy<hk<2 0<i<y<h<3

Cubic curves over finite fields have many familiar properties with the classical theory
over R and C. In particular, when ¢ =1 (mod 3) their properties are more a like
the complex case, while their properties are more similar to the real case when
g=—1 (mod 3). However, when ¢ =0 (mod 3), no suitable classical model is
available. In general, many properties of cubic curves over finite fields are known.
Particularly, we refer the reader to (Hirschfeld, 1998, Chapter 11) for a complete
review of these properties and the classifications of singular and nonsingular cubic

curves.

Notation 2.1. Let C be a cubic curve defined by Z(f), where f is as in (2.6).
Then, C' can be represented by C'(A,ap12) where

apoo @01l @022
(2.7) A= a0 a1 aizz|-
a0 G211 222
14



Equivalently, C' can be defined as the set of points P(xg,x1,x2) of PG(2,q) satisfying

(2.8)  (zo 1 xg)A(xg x% a:%)T+a012(xo 1 x2)(T122 TOX2 xoxl)T:O.

Definition 2.1. Let C(A,ag12) be a cubic curve defined over a finite field of char-
acteristic 2. The set of tangent lines to C(A,ag12), known as the cubic envelope of
C(A,a012), is the dual cubic curve defined by

C(B(A),adp)"

where

0  ap2e ao11
(2.9) @(A):Adj(A)T+a012 ai22 0 aioo

ag11 agpo O

and Adj(A)T is the transpose of the adjoint matriz of A.

Definition 2.2. An inflezion point of a cubic curve C(A,ag12) over a finite field of
characteristic 2 is a point of the curve whose tangent meets the curve algebraically

in a triple intersection.

Lemma 2.1. (Glynn, 1998, Theorem 3.5 )

Let C(A,ap12) be a cubic curve defined over a finite field of characteristic 2 such
that agi2 # 0. Then, points of inflexion of C(A,ap12) are the nonsingular points of
C(A,ag12) which lie on the cubic curve C(®*(A),adys). The curve C(®%(A),ad;y) is
also known as the Hessian of C(A,ap12).

Remark 2.1. In other words, C(®?(A),ad;y) is the set of tangent points of the set

of tangent lines to the cubic curve C(A,ap12).

Remark 2.2. For none characteristic two fields, points of inflexion are defined as
points of the intersection of the cubic with the classical Hessian (the determinant of

the 3 x 3 matriz of second derivatives), which is zero over characteristic two fields.

Cubic surfaces over finite fields are also well-studied objects. For instance, it is
known that a nonsingular cubic surface over [, has ¢>+ng+1 points where 2<n <7
and n # 6 (Manin, 1986). In 1915, Dickson showed that a nonsingular cubic surface
over Fy can have i lines where i € I; I ={0,1,2,3,5,9,15} (Dickson, 1915). He
classified as well all projectively inequivalent nonsingular cubic surfaces over o

(Dickson, 1915). Segre considered counting the number of lines in a nonsingular

15



cubic surface & over [y, when ¢ is odd. In particular, he showed that S can have
J lines where j € TU{7,27} (Segre, 1942). Recently, cubic surfaces with 27 lines
were classified over small finite fields and interesting computational and geometric
algorithms were introduced. For more information, we refer the reader to (Betten
& Karaoglu, 2019).

2.4.3 Segre variety

t
The Segre variety, Sy, ..n,(Fy), is an algebraic set in PG(]](n;+1) —1,q) defined
1=1
as the image of the Segre embedding, oy, ... n,, given by

t
0n17..7nt . PG(”laQ) - X PG nt7 _> PG H n; —|— 1 )

t

((vh,...,vln1+1),...,(vt1,...,vtntH Hvll, ,H Vi, +1).

i=1
It is a nonsingular absolutely irreducible variety whose dimension is ni 4+ ... +n;. It
is an example of a determinantal variety. For instance, the Segre variety Sy, n,(Fq)
is the zero set of the quadratic forms: X; ;X ; — X; ;X j, where the X, ’s denote
the coordinates in PG((n1+1)(n2+1) —1,q).

Examples 2.1. o The variety So2(F,) is defined by

02,2 ((u1,u2,us), (vi,v2,v3)) — (u1v1,u1V2, UIV3, U2V, U2V, URV3, UZVT, UV, U3V3),

and has dimension 4.

o The map 01,1 defines an embedding of the product of the projective line PG(1,q)
with idtself in PG(3,q), whose image is a quadric defined by Z(Xoo0X1,1 —
X0,1X1,0)-

o The image of the diagonal A C PG(n,q) x PG(n,q) under the Segre embedding
onn defines the Veronese surface of degree 2, Va(FF,) (see Section 2.4.4).

Remark 2.3. If we represent points of PG(n;,q) as (u;), then we can alternatively
define ony,. n,((u1), ..., (ug)) as (U1 @ ... uy).

Theorem 2.9. (Hirschfeld & Thas, 1991, Theorem 4.100)
The Segre variety, Sy, n,(Fq), is not contained in any hyperplane of PG((n1+41)(n2+

1)_17(])'
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Remark 2.4. The Segre variety Sy, n,(IFq) consists of all points

(T1,1,%1,25 s T1mgt15T2,15 s T2mgt1, Ty 41,15 s Ty +1,n0+1) € PG((n14+1)(n2+1)—1,9)

for which the rank of the matriz [x; ;] is 1.

Example 2.2. Points of S22(F,) are rank-1 points of PG(8,q), where the rank of a
point in PG(8,q) is the rank of its associated matriz of size 3 X 3 defined in Remark

2.4,

For further properties and examples related to Segre varieties defined over finite
fields, we refer the reader to Section 4.5 in (Hirschfeld & Thas, 1991).

2.4.4 Veronese variety

The Veronese variety of all quadrics of PG(n,q) is the algebraic set V,(F,) defined

as the image of the map

vn: PG(n,q) — PG((n;2> ~1,9)

sending the coordinates of PG(n,q) to monomials of degree 2. Namely,

Vi(Fy) i={(23, 0021, ..., 20Tp, T3, 2102, oo, 2181, 13, oo, Ty 120, 02 : (0, -, 70) € PG(n,q) }.

It is also known as the quadric Veronesean of PG(n,q), which is a nonsingular

absolutely irreducible variety of dimension n.

Lemma 2.3. (Hirschfeld & Thas, 1991, Lemma 4.1)
The wvariety Vo(Fy,) ids the intersection of the (n+ 1)n%/2 quadrics Z(F;;) and
Z(Fype), where

Fij = X22J - Xiz‘ij, Fabc = XaaXbc - XabXam

and i,j,a,b,c €{0,..,n} such that i # j and a,b,c are distinct.

Remark 2.5. The variety V,(F,) consists of all points

(330,07750,1; <5 X0,n, -'-axn—l,naxn,n) € PG(n(n+3)/27q>
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for which the rank of the symmetric matriz defined by [x; ;] is 1.

Example 2.3. The Veronese surface Va(F,) (or simply V(Fy)) is a 2-dimensional
algebraic set in PG(5,q) defined as the image of the Veronese embedding

v:PG(2,q9) — PG(5,q)

(u0,u1,u2) — (Ud, U1, Uiz, Us, U1ua, U3).

In particular, we have V(Fy) = Z(2 %2 minors of M), where

Xoo Xo1 Xo2
M= X0 X1 X2
Xoz Xi2 Xoo

and the X;;’s denote the coordinates in PG(5,q).

Theorem 2.10. (Hirschfeld € Thas, 1991, Theorem 4.3)
The quadrics of PG(n,q) are mapped by v, onto the hyperplane sections of Vy,(Fy).

Corollary 2.1. (Hirschfeld & Thas, 1991, Corollary 4.4)
The variety Vy(Fy) is not contained in any hyperplane of PG(n(n+3)/2,q).

Theorem 2.11. (Hirschfeld & Thas, 1991, Theorem 4.11)
The variety Vy,(Fy) is a cap of PG(n(n+3)/2,q), i.e., no three points of Vy,(F,) are

collinear.

Theorem 2.12. (Hirschfeld € Thas, 1991, Corollary 4.13)

For q # 2, any two points of Vy,(Fy) are contained in a unique conic of Vy,(Fy).

Theorem 2.13. (Hirschfeld & Thas, 1991, Corollary 4.16)
For (¢,n) # (2,2), the group stabilising Vy(F,) in PGL(n(n2+3) +1,q) is isomorphic
to the projectivity group PGL(n+1,q).

We focus now on the properties of the Veronese surface V(FF,) in PG(5,¢), for more
interesting properties we refer the reader to (Havlicek, 2003; Hirschfeld & Thas,

1991). We start by recalling the normal rational curve.

Remark 2.6. A normal rational curve is an algebraic set defined as the image of
the map
v : PG(1,q) = PG(n,q)

1

(ug,up) — (ug,ugflul, s upul T uy).

It is an example of a Veronese variety of degree n.
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2.4.4.1 Properties of V(F,) in PG(5,q)

The Veronese surface V(FF,;) contains ¢> +q+1 conics, defined as the image of lines
in PG(2,q) via v, where any two points P, @ of V(F,) lie on one of these conics
given by

C(P,Q) :=v((v~'(P),r 1(Q))).

Since the conics of V(IFy) correspond to the lines of PG(2,¢) via v (see Example 2.3),
any two of these conics have a unique point in common. The quadrics of PG(2,¢)
correspond to the hyperplane sections of V(F,). If the quadric C is a repeated line,
then the corresponding hyperplane of PG(5, q) meets V(IF) in a conic, if C is a pair
of real lines, then the corresponding hyperplane meets V(IF,) in two conics, if C is a
pair of conjugate imaginary lines, then the corresponding hyperplane meets V(F,)
in a point, if C is a nonsingular conic, then the corresponding hyperplane meets
V(F,) in a normal rational curve. For q # 2, planes of PG(5,¢) which meet V(F,)

in a conic are called the conic planes.

Remark 2.7. Technically, a point of V(F,) is also a conic, and if ¢ =2, all triples of
pairwise non-collinear points are conics. However, for simplicity, we will not consider
these as “conics in V(IF,)”. That is to say, by a “conic in V(IF;)”, we will mean the

image of a line of PG(2,¢) under the Veronese map.

Theorem 2.14. (Hirschfeld & Thas, 1991, Theorem 4.17)

Any two distinct conic planes of V(F,) meet in a unique point.

Lemma 2.4. (Hirschfeld & Thas, 1991, Lemma 4.20)
If q is even, then V(F,) is the intersection of the quadrics Z(Fo1), Z(Fo2), Z(F12),

where

For = X3 + X00X11, Foo = X3+ Xo0X22, and Fia = X35+ X11 X0

Definition 2.6. The tangent lines of V(F,) are the tangent lines to the conics in
V(Fy). Since V(Fy) has no singular points, it follows that all tangent lines of V(Fy)
at a point P € V(F,) are contained in a plane. This plane is known as the tangent
plane of V(F,) at P.

Theorem 2.15. (Hirschfeld & Thas, 1991, Theorem 4.22)

The tangent planes of two distinct points in V(IFq) meet in exactly one point.

Remark 2.8. If g is even, then all tangent lines to a conic C in V(F,) are concur-

rent, meeting at the nucleus of C.
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Theorem 2.16. (Hirschfeld & Thas, 1991, Theorem 4.23)
If q is even, the set of all nuclei of conics in V(Fy) coincides with the set of points

of a plane in PG(5,q) known as the nucleus plane of V(F,).

Theorem 2.17. (Hirschfeld & Thas, 1991, Theorem 4.25)
If q is odd, then PG(5,q) has a polarity which maps the set of conic planes of V(IFy)
onto the set of tangent planes of V(IFy).

Theorem 2.18. (Hirschfeld & Thas, 1991, Theorem 4.42)
If q is even, then the subspace Z(Xoo, X11,X22) of PG(5,q) is the nucleus plane of
V(Fy).

2.5 Quadratic and cubic equations over [,

2.5.0.1 Quadratic equations

Consider the quadratic equation f(X) =0 where
F(X)=aX?+BX +v € FylX],

and a # 0. Over a finite field of odd characteristic, solutions of f depend on the
discriminant A = 32 — 4ary. In particular, f has one solution if A =0, two solutions
if A is a square, and no solutions if A is a non-square (Hirschfeld, 1998, Section
1.4).

Over a finite field of characteristic 2, the square root defines an automorphism. To
study roots of f over Fyn, we need first to introduce the trace (or absolute trace)
map, Tr, defined from F,» to F) by Tr(x) = x4l +a? +xph71, which is a

linear surjective map. In particular, if p =2 then Tr is a %-to-1 map.

Lemma 2.5. (Berlekamp, Rumsey & Solomon, 1967)
The polynomial f(X) = aX?+ BX ++ € Fou[X] with a # 0 has exactly one root in
Fon if and only if B =0, two distinct roots in Fon if and only if 5 #0 and Tr(%) =0,

and no roots in Fyn otherwise.

Remark 2.9. If a1 f(X) has no roots in Fy, then a1 f(X) has two conjugate roots
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in the quadratic extension of .

2.5.0.2 Cubic equations

Consider the cubic equation ¢(X) =0 where
o(X)= X3+ a1 X? +agX +az € F [ X].

Solutions of ¢(X) can be retrieved by solving a cubic equation of the form g(6) = 0,

where
(2.10) 9(0) = 0+ b0 +a.

For instance, if ¢ = 3" and a; # 0, we can work with X3 ¢(1/X +as/a1). On the
other hand, if ¢ = 2" and ay # a?, we can apply the substitution

1
X = (a2+a%)§9+a1,

to obtain the cubic polynomial g with b =1 and

asz + asaq

(ag+a2)?

Notice that, as the product of the three roots of g is a € Iy, it follows that g is either

irreducible over I, have all its roots in [F, or exactly one root in IFy.

Over finite fields of characteristic 2, solutions of g were independently studied by
Berlekamp et. al in (Berlekamp, Rumsey & Solomon, 1966) and by Williams in
(Williams, 1975). Particularly, they proved the following theorems.

Theorem 2.19. (Berlekamp, Rumsey € Solomon, 1966, Lemma)
Let q=2">2 and a #0. The cubic equation 68 +60+a =0 over Fy has

o three solutions in Fy if and only if ¢ # 4, Tr(a™1) = Tr(1) and

v+ov!
(1+v+ov71)3

for some v € Fg\Fy. In this case, “a”is called admissible,

o a unique solution in Fy if and only if Tr(a™1t) # Tr(1),
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o no solutions in Fy if and only if Tr(a™t) =Tr(1) and a is not admissible.

Theorem 2.20. (Williams, 1975, Theorem 1)
The cubic equation 03 +0+a =0 with ¢=2">2 and a € F,\ {0} has

o three solutions in Fy if and only if q # 4, Tr(a™t) = Tr(1) and the roots of
t*+at+1 are both cubes in Fy (h even) or F 2 (h odd),

o a unique solution in F, if and only if Tr(a™1) # Tr(1),

o no solutions in ¥, if and only if Tr(a™!) = Tr(1) and the roots of t* +at +1
are both not cubes in Fy (h even) or Fpa (h odd).

Over finite fields of odd characteristic, solutions of g(6) = 0 where studied by Dickson
and Williams. Particularly, they proved the following theorems.

Theorem 2.21. (Dickson, 1906, Theorem)
Ifq=p", p>3 and —4b> —27a® # 0, then the equation 6> +b0+a =0, with a,b € Fq,

has

e three solutions in Fy if and only if —4b% —27a? is a square in Fy, say —4b3 —
27a% = 81€%, and 1/2(—a+ey/=3) is a cube in F, if g=1 (mod 3), or in F e
if =2 (mod 3),

 a unique solution in F, if and only if —4b3 —27a? is not a square in Fyq,

e no solutions in Fy if and only if —4b% — 2742 is a square in Fy, say —4b3 —
27a* = 81e?, and 1/2(—a+ey/=3) is not a cube in Fy if =1 (mod 3), or in
Fp2 if =2 (mod 3),

Theorem 2.22. (Williams, 1975, Theorem 2)
If ¢ = 3", then the equation 63 +b0+a =0, with a,b € F,, has

2

o three solutions in F, if and only if —b is a square in Fy, say —b = e*, and

Tr(a/e?) =0,
e a unique solution in Fy if and only if —b is not a square in Fy,

e no solutions in Fy if and only if —b is a square in Fy, say —b= e, and
Tr(a/e?) #0.

Remark 2.1. If g has no roots in Iy, then g has three roots in the cubic extension
of Fy. On the other hand, if g has exactly one root in IFy, then g has two conjugate
roots in the quadratic extension of Fy. Also, notice that the two roots of +at+1

in Fy or ¥ in Theorem 2.20 should both be cubes or non-cubes as their product is
1.
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2.6 Tensor products

Let V1,...,V; be finite dimensional vector spaces defined over the field Fy; dim(V;) =
m;. The t-fold (t-ordered) tensor product space V =V; ®...® V; is the space of
multilinear functions defined from V}¥ x ... x V;¥ to F,, where V,¥ is the dual space
of V.

Example 2.4. Ift =2, then V becomes the set of matrices of size m1 x ma over Fy.

Note that, this is not the only way to define tensors. We prefer to see them as
multilinear functions from the direct product of the dual spaces to the field Fy,
however, tensors can be viewed in alternative ways. For more equivalent definitions

and properties of tensors, we refer to chapter 2 in (Landsberg, 2011).

The set of symmetric tensors in V' =V ®...® V4, where V; = Fy's 1 <i<t, defines a
subspace denoted by S*(F o). Alternatively, we may define St(IF;”) as the subspace

of V' whose elements are invariant under the action of the symmetric group Sym,

on V' defined by
(11 ®... Q)7 = (Vg(1) ® .- ®VUg(y)),

and expanding linearly.

2.6.1 Ranks

Fundamental (pure or rank-1) tensors of V are tensors of the form v ® ... ® vy.
Clearly, not every tensor A € V' is fundamental, however A can be written as the
sum of fundamental tensors. The smallest integer r for which such a writing exists
is called the rank of A and is denoted by rank(A). For instance, the rank of a 2-fold

tensor is the rank of its associated matrix.

Example 2.5. Let V = F?I@)Fg@l&?g and {e1,...,es} be the canonical basis of Fg,
for £ =2,3. The rank of A=e1Rez®e1+ea®(e1@e;+ea®ea+ez3®es) in'V s

4, i.e, we cannot write A as the sum of 8 or less fundamental tensors.

In general, determining the rank of tensors when ¢ > 3 is a hard problem, and no
algorithms are available. Sometimes, this problem is generalised to finding bounds

on ranks of tensors in V. For instance, Ja’Ja’ bounded from above ranks of tensors
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in F"@F*®@F" by

Bn[nw
r=—I_—=|,
2 12

(Ja’Ja’, 1979). Later, this bound was improved to 6 in (Lavrauw, Pavan & Zanella,
2013), when n = 3.

Complexity of matrix multiplications: The problem of determining the com-
plexity of matrix multiplications is the problem of finding the minimal number of
arithmetic operations needed to multiply two n x n matrices. Note that, as the to-
tal number of arithmetic operations is bounded by the number of multiplications, it
follows that counting multiplications is a reasonable measure of complexity. There-
fore, finding the complexity of matrix multiplications is equivalent to determining the
rank of the matrix multiplication operator, M,, ;, ,,. Since the standard algorithm for
multiplication uses n® (multiplicative) operations, it follows that rank(M, ) < n®.

For instance, if n =2, we can expand this operator as

(2.11)
Moo =e]Qe]Rei+e;0e3R0e1+e]®es®ea+esQeyQex+ezRe] Qes+

ey®es®e3+esResQes+ey ey Vey,

where {ey,...,e4} is the standard basis of the set of 2 x 2-matrices and {ej,...,e}} is
its associated dual basis. In 1969, Strassen improved this bound by writing M 2 2

as the sum of 7 fundamental tensors instead of &:

(2.12)

M2 = (€] +ey) @ (eI +ey) ®(e1+ea) +(e3+ey) ®ej @ (es+eq) +e]®(er+e3)®
(ea—eq)+e;®@(ez3—e]) @ (ezs+er)+(e]+e3) ey @ (ea—eq)+(e3—€])®
(e1+€5) ®ea+ (5 —ey) @ (e3+e1) Ve

Later, Winograd proved that Rank(Mazp22) =7, i.e, we cannot multiply 2 x 2-
matrices using less than 7 multiplications. For more details on this topic, we refer
to (Strassen, 1969; Winograd, 1971).

2.6.2 Contraction spaces and rank distributions

The j-th contraction space of a tensor A in V =V ®...®@V}; is a subspace of V" =
Vi®..Vi21®Vji1...@V; defined as

Aj= (u;/(A) ujv eV;Y),
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where the u/(A)’s are the j-th contractions of A defined by uf(u1 ®...®u;) =

u}/ (uj) Ul @ ... Uj—1 @Ujy1... @uy and expanding linearly.

Example 2.6. The first contraction space of a tensor A in F2®F2®F2 is the
subspace of Fy @F3 defined as Ay = (uy (A) : uy € ng). The second and the third
contraction spaces, Ao and As, are defined analogously as subspaces of F§®F2.
Projectively, PG(A1) and PG(A;) fori=2,3 are subspaces of PG(8,q) and PG(5,q)

respectively.

Definition 2.7. The rank of the j-th contraction space of A is defined as the mini-

mum number of rank-1 tensors needed to span a subspace containing Aj;.

In general, contraction spaces are useful tools to study tensors. For example, the

following proposition can be helpful in determining the rank of tensors.

Proposition 2.2. (Lavrauw & Sheekey, 2014, Proposition 2.1)
Let Ac Vi ®...QV; and j € {1,...,t}. Then, rank(A) =rank(A;).

Definition 2.8. The j-th rank distribution of A € V' is an m-tuple whose i-th co-

ordinate represents the number of rank-i tensors in Aj;.

Example 2.7. The first, second and third rank-distributions of A € Fg ®IF2 ®F2 are
the 3-tuples R; = a1, a2,ai3], 1 <i <3, where a;j s the number of rank-j points in
A;, 1 <45 <3. Note that, the rank of a contraction in this case is the usual matriz

rank.

2.6.3 Natural actions on V

The group H = GL(IF") x ... x GL(F7") acts on the set of fundamental tensors in
V via

(V1 @+ @Ugy)Ir9m) = @ pdm,
and on all V by linearity. If some of the m;’s are equal, then we can extend H
by a subgroup of the symmetric group Sym,, to obtain the group G defined as the

setwise stabiliser of fundamental tensors in V. One may seek then to classify the
G-orbits and the H-orbits of tensors in V.

Example 2.8. Ift =2, the number of G-orbits of tensors in 'V is the min(my,ma)

as tensors in Fg't @ Fg'? are totally characterised by their ranks.
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Theorem 2.23. (Lavrauw & Sheekey, 2014, Theorem 3.5)
There are 5 G-orbits of tensors in ]F?] ®F2 ®Fg.

Theorem 2.24. (Lavrauw & Sheekey, 2017, Theorems 5.2 and 5.3)
There are 18 G-orbits and 21 H-orbits of tensors in ]Fg ®F2®FZ.

Remark 2.2. Ranks, contraction spaces and rank distributions of tensors are in-

variants under the actions of G and H on V.

2.6.4 Tensors in F?I®F2®Fg’

Tensors in V = Fg ®F2 ®IF2 were classified by Lavrauw and Sheekey in (Lavrauw &
Sheekey, 2015) by studying their associated contraction spaces. Particularly, they
proved the existence of 18 G-orbits of tensors under the action of G = GL(F2) x
(GL(FE) LSym(2)), as a subgroup of GL(V) stabilising the set of fundamental tensors
in V. We collect in Table A.1 some information about these G-orbits of tensors and

their contraction spaces, which we use to define our main algorithms in Chapter 5.

Remark 2.10. Since ranks are not affected by multiplications with scalars, it makes
more sense to consider the problem of classifying tensors and determining their ranks
in the space PG(V'). Projectively, nonzero tensors of rank 1in'V' correspond to points
of the Segre variety S122(F,) defined in 2.4.5.

2.6.5 Representations of tensors in F?I ®IF3 ®IF2

Let {e1,...,es} be the canonical basis of Fg

basis of V as {e;®ej®er:1<i<2and1 < j,k <3} By decomposing A€V as

A= A; jrei®ej ey, we can view A as a rectangular cube whose entries are defined

, for £ = 2,3, and define the canonical

by the A; ; ;’s. This cube can be partitioned into slices that completely determine A.
For instance, we may view A as a set of two 3 x 3 matrices: (A; 1), (A2 ), called
the horizontal slices of A, or a set of three 2 x 3 matrices (A; 1 1), (Ai2k): (Aisk),
called the lateral slices of A, or a set of three 2 x 3 matrices (A4; ;1), (A ;2),(Ai;3),
called the frontal slices of A. Note that these representations can be extended to

any vector space of the form Vj ®...® V.
Example 2.9. Let {e1,...,es} be the canonical basis ong, for £ =2,3, and consider
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AeF;@F;@F; defined by
e1®(e1®er+ea®@ea+e3®es) +ea® (e ®ex+ea@e3).

The horizontal, lateral and frontal slices of A are defined by

10 0f [0 10
0 1 0[,|0 0 1|,
00 1] [0 O O
1 0 0f [0 1 0] |00 1
) ; , and
{{0 1 O] {0 0 1] [O 0 0]}

| e

respectively.

2.7 Subspaces of PG(5,q)

We summarize in this section orbits of points, lines and hyperplanes of PG(5,q)
under the action of the group stabilising the Veronese surface. We define as well

some useful combinatorial invariants that we use to classify solids and planes in
Chapters 3 and 4.

2.7.1 The group action

We are interested in the action on subspaces of PG(5,q) of the group K < PGL(6,q)
defined as the lift of PGL(3,q) through the Veronese map v (see 2.4.4). Explicitly,
if o4 € PGL(3,q) is represented by the matrix A € GL(3,q) then we define the
corresponding projectivity a(¢4) € PGL(6,q) through its action on the points of
PG(5,q) by

a(pa): P Q where Mg=AMpAT,

27



where Mg and Mp are the matrix representations of @) and P defined in (2.13).
Then K := a(PGL(3,q)) is isomorphic to PGL(3,¢) and leaves V(FF,) invariant.

Remark 2.11. If ¢ > 2 then K = PGL(3,q) is the full setwise stabiliser of V(Fy)
in PGL(6,q). If ¢ =2 then the full setwise stabiliser of V(F,) is Symy, as the kernel
of this action stabilising V(IF,) pointwise, is trivial.

2.7.2 Points, lines and hyperplanes of PG(5,q)

A point P = (y0,v1,Y2,Y3,Y4,ys5) of PG(5,¢) can be represented by a symmetric 3 x 3

matrix
Yo Y1 Y2
(2.13) Mp=|y1 ys yal-
Y2 Ya Ys

This representation can be extended to any subspace of PG(5,¢). For example, the
solid spanned by the first four points of the standard frame of PG(5, q) is represented
by

T 2z Ty z
(2.14) y t =<1y t 0|:(z,y,21) €PG(3,q) .,
z z 00

where the notation on the left is introduced for convenience (that is, - represents 0,

and the 4-tuple (x,y,z,t) is understood to range over all non-zero elements of Fg).

In general, we define the rank distribution of a subspace U of PG(5,q) to be the

3-tuple [r1,72,73], where r; is the number of points of rank i in U.

The rank of a point P of PG(5,q) is defined to be the rank of the matrix Mp.
The points of rank 1 are (therefore precisely) those belonging to V(F,). Points of

PG(5,q) of rank at most 2 are the points of the secant variety of V(F,), which we
denote by V(F,)?2.

In the above representation, points contained in the nucleus plane correspond to
symmetric 3 x 3 matrices with zeros on the main diagonal (see Theorem 2.18). Each
rank-2 point R of PG(5,q) defines a unique conic C(R) in V(IF;). If R lies on the
secant (P, Q) with P,Q € V(F,) then C(R) =C(P,Q). If ¢ is even and R is contained

in the nucleus plane, then R is the nucleus of C(R).
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Definition 2.9. (Alnajjarine, Lavrauw & Popiel , 2022, Definition 2.3)
Let G < PT'L(n+1,q) and let Uy, Us, ..., Uy, denote (a chosen ordering of) the distinct
G-orbits of r-spaces in PG(n,q). The r-space G-orbit distribution of a subspace U
of PG(n,q) is the list

ODg,(U) := [u1,u2,...,un),

where u; is the number of elements of U; incident with U.

The rank distribution of a subspace of PG(5,q) is related to its O-space K-orbit
distribution as follows. There are four K-orbits of O-spaces, i.e. points, in PG(5,q):
the orbit V(IF,) of rank-1 points, which has size ¢* +¢+ 1, the orbit of rank-3 points,
which has size ¢° — ¢?, and two orbits of rank-2 points. For ¢ even, the orbits
of rank-2 points comprise the ¢+ ¢+ 1 points of the nucleus plane 7,, and the
(¢*—1)(¢*+¢+1) points contained in conic planes but not in 7, UV(F,). Therefore,
the orbit distribution ODg (U) of a subspace U of PG(5,q), ¢ even, is the 4-tuple
[r1,72n,T2s,73], where 7;, i € {1,3}, is the number of rank-i points in U, rg, is the

number of rank-2 points in U N7y, and 7o, is the number of rank-2 points in U \ 7y,.

For brevity, we also call ODg ,.(U) with r =0 the point-orbit distribution of a sub-
space U of PG(5,q). Similarly, we obtain the line-, plane-, solid-, and hyperplane-
orbit distributions of U for r =1,2,3,4 respectively. These data serve as useful
invariants for studying K-orbits of subspaces of PG(5,¢q). For example, if ¢ is odd
and U is a plane containing at least one point of V(F,), then the line-orbit distri-
bution of U completely determines its K-orbit (Lavrauw, Popiel & Sheekey, 2020).
The line orbits themselves were determined (for all ¢) in (Lavrauw & Popiel, 2020),
as a consequence of the classification of the first contraction spaces of points in
PG(17,q) in (Lavrauw & Sheekey, 2015).

Theorem 2.25. (Lavrauw & Popiel, 2020, Table 2)
There are 15 K-orbits of lines in PG(5,q) as described in Tables 2.1 and 2.2.

Remark 2.12. Lines in o151 and o16 in PG(5,q), q odd, can be distinguished using

Lemma 5.1 . Similarly, we can distinguish lines in o015 and 0162 when q is even.

Hyperplanes of PG(5,q) correspond to conics of PG(2,¢q) through the Veronese map
v. We make this correspondence explicit via the following map ¢ between conics of
PG(2,¢) and hyperplanes of PG(5,¢):

d: Z( > ainin) — Z(aooYo + ao1Y1 +aYe +a11Y3 +ai2Ys + a2Ys).

0<i<j<2

Here, and throughout the thesis, the homogeneous coordinates in the domain
PG(2,q) of v are denoted by (Xo, X1, X2), the homogeneous coordinates in PG(5,q)
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Orbits Pomt OD’

05 2,55, 451,0]
06 [1 an 0}

08,1 [1,1,0 q— 1]
08,2 [1 0,1,(] 1]
09 [1,0,0,q]

010 [Oa qgla el 0]
012 [O q+1, 0 0]
0131 [0,2,0,q—1]
o132 [0,1,1,¢g—1]
014,1 [0 3,0,q— 2]
014,2 [Oa 1,2,(] 2]
0151 0,1,0,q]

015,2 [0,0,1,q]

016 [07 1,0, Q}

017 [0,0,0,q+1]

Table 2.1 The K-orbits of lines in PG(5,q), ¢ odd.

Orbits  Point-OD’s

o5 [2,0,q—1,0]
06 1,1,¢—1,0]
08,1 [1 0,1,(] }
08,2 [1,1,0 q— }
09 [1,0,0,q]
010 [O 0,g+1, 0]
0121 [O q+1,0 0]
01272 [0,1,(], ]
013,1 [0)171aq }
01372 [0 0 2 ,q— }
014 [O 0 3 ,q— 2}
015 [0 0,1,q]
016,1 [0,1,0 q]
016,2 0,0,1,q]
017 [0,0,0,¢+1]

Table 2.2 The K-orbits of lines in PG(5,q), ¢ even.

are denoted by (Yp,...,Ys), and Z(f) denotes the zero locus of a form f. Note that a
point P in PG(2,¢) lies on a (given) conic C if and only if v(P) lies in the hyperplane

d(C). The definition of § extends to a set S of conics in the obvious way:

= (14(C)

ces

Up to projective equivalence, there is a unique nonsingular conic in PG(2,¢), and
three classes of singular conics, namely (i) double lines, (ii) pairs of real lines, and
(iii) pairs of (conjugate) imaginary lines. We denote the corresponding K-orbits of
hyperplanes (obtained via §) as follows: Hj, Ho, and Ho; denote the K-orbits of
hyperplanes corresponding to the PGL(3, q)-orbits of singular conics of types (i), (ii)
and (iii) respectively, and H3 denotes the K-orbit of hyperplanes corresponding to
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the PGL(3, ¢)-orbit of nonsingular conics.

2.8 Linear systems of conics

Let W be the space of 2-forms defined in PG(2,q). Linear systems of conics are
subspaces of the projective geometry associated with W. In particular, 1, 2 and

3-dimensional subspaces are pencils, nets and webs of conics.

Subspaces of PG(5,q) correspond to linear systems of conics in PG(2,¢q) via v (de-
fined in 2.4.4): lines correspond to webs, planes to nets, and solids to pencils of
conics in PG(2,¢q). By Remark 2.11, the classifications of K-orbits of subspaces
of PG(5,¢q) correspond to the classifications of linear systems of conics in PG(2,¢)
up to projective equivalence. In particular, the classification of webs of conics over
finite fields is equivalent to Theorem 2.25. The base (or set of base points) of a linear
system of conics is the intersection of the conics in the system. We end this section

with the following observation.

Lemma 2.6. Let Q be a point and P a pencil of conics in PG(2,q). Then Q is a
base point of P if and only if v(Q) lies in the solid S = §(P) of PG(5,q).

Proof. Let @ be a base point of a pencil P = (C,C’). Then v(Q) lies on the two
hyperplane sections of V(F,) defined by H and H’ whose dual coordinates are the
coefficients of C and C’ respectively. Therefore, v(Q) lies in the solid 6(P) defined
by HNH'. The inverse implication follows similarly. O]

In other words, the points of rank 1 in S are precisely the images under the Veronese
map of the base points of P.

Example 2.10. The pencil of conics generated by C1 = Z(X1X2) and Co = Z(X3)
has q+ 1 base points. Furthermore, the point v(1,0,0) = (1,0,0,0,0,0) lies in the

associated solid S represented by

31



2.9 Dual subspaces of PG(5,q)

For any finite field F, of odd characteristic, there exists a polarity « of PG(5,q) that
maps the set of conic planes of V(IF;) onto the set of tangent planes of V(F,). This
is Theorem 4.25. in (Hirschfeld & Thas, 1991), which implies the correspondence
between K-orbits of subspaces of PG(5,¢) and K-orbits of their associated dual
spaces when ¢ is odd. Therefore, one can deduce the classification of solids in
PG(5,q), ¢ odd, from that of lines in (Lavrauw & Popiel, 2020). Moreover, by o we
get a correspondence between rank-1 nets of conics in PG(2,¢), namely nets with
at least one double line, and planes in PG(5,¢) meeting V(IF,) in at least one point,
q odd (Lavrauw, Popiel & Sheekey, 2021). However, as such a polarity does not
necessary exist when ¢ is even, we cannot conclude the K-orbits of solids from those
of lines in (Lavrauw & Popiel, 2020). Furthermore, the equivalence between planes
in PG(5,¢) meeting V(IF,) in at least one point and rank-1 nets of conics in PG(2,¢q)

fails when ¢ is even as we will see later in Chapter 4.

2.10 Solids of PG(5,q), ¢ odd

The correspondence between K-orbits of lines in PG(5,¢), and pencils of conics in
PG(2,9), ¢ odd, can be found in Table 5 in (Lavrauw & Popiel, 2020). We used this
correspondence to conclude the representatives of the 15 K-orbits of solids summa-
rized in Table 2.3. We computed as well their rank-distributions and hyperplane-

orbit distributions, summarized in Table 2.4.



K-orbits of solids Representatives Conditions

e ]
05 x z
Ly = 1]
- =
0g .y oz
|z z t]
ey
08,1 x z t
Lyt z]
- :
08,2 r vzt v¢d
ly t =z
- c
09 r -2y =z
¥ z t
[z gr oy
010 5T —vxr 2 (%)
| Y z t
. )
012 . z
LY t
[z .y
013,1 S
ly t —=z
[ .y
0132 otz v¢U
K z Y
BT
014,1 y —x ¢
1z 1
[z y 2
014,2 y x ot v¢0d
I t —x
. y B -
015,1 y —viw t (%), —n1 ¢ 0O
K t —2y+uviz |
. y s -
015,2 Yy —v2x t (%), —n1 ¢ 0
| 2 t —2y +uvax |
[z vy oz
016 Yy —2z
K . t
[ayz —2at = Y
017 x z t ()
i y t —2x—pz

Table 2.3 The K-orbits of solids in PG(5,¢), ¢ odd, and their representatives.

33



K-orbits of solids Rank distributions Hyperplane-orbit distributions

05 [1,2¢> +¢,¢* — ¢°] 2 Tl 0]
06 lg+1,2¢% ¢ — ¢?] [1,4,0,0]

08,1 2,6 4+2¢—1,¢° —q] [1,10q 1]
08,2 [0,¢*+2¢+1,¢°—¢q]  [1,0,1,¢—1]
09 [1,¢* +¢,¢% (1,0,0,q]

o10 [1,2¢° +q,¢° — ¢*] [0, 231, 2 0]
012 [4+2,2¢* = 1,¢° — ¢?] [0q+100]
013,1 [39 +2¢—2,¢*—¢q] [0,2,0,¢—1]
013,2 [L¢*+2q,q —Q] [0,1,1,¢ —1]
014,1 4,2 +3¢—3,¢°—2¢] [0,3,0,q—2]
014,2 0,¢> +3¢+1,¢*—2¢] [0,1,2,q—2]
015,1 2,4 +q—1,¢° [0,1,0,q]
015,2 [0,¢%2 +q+1,¢%] [0,0,1,q]

016 2,¢* +q—1,¢% [0,1,0,q]

017 [1.¢% ¢ +q] [0,0,0,q+1]

Table 2.4 Rank distributions and hyperplane-orbit distributions of the K-orbits of
solids in PG(5,q), ¢ odd.
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3 SOLIDS IN PG(5,9), ¢ EVEN

In this chapter, we present our results from (Alnajjarine, Lavrauw & Popiel , 2022).
In particular, we determine orbits of solids of PG(5,¢), ¢ even, under the action of
the subgroup K of PGL(6,q) stabilising the Veronese surface. We also determine
two useful combinatorial invariants of each type of solid, namely their point-orbit
and hyperplane-orbit distributions (see Section 2.7). Additionally, we calculate the
stabiliser in PGL(3,q) of each type of solid S, and thereby determine the size of

each orbit.

Our main results are Theorem 3.1 and Corollary 3.1, where we prove the existence
of 15 K-orbits of solids in PG(5,¢) and deduce the classification of pencils of conics

in PG(2,q) up to projective equivalence.

Theorem 3.1. (Alnajjarine, Lavrauw € Popiel , 2022, Theorem 1.1)

Let q be an even prime power. There are exactly 15 orbits of solids in PG(5,q) under
the induced action of PGL(3,q) < PGL(6,q) defined in Section 2.7.1. Representatives
of these orbits are given in Table 3.1, the notation of which is defined in Section

Corollary 3.1. Let g be an even prime power. There are 15 pencils of conics in

PG(2,q) up to projective equivalence. Representatives of these pencils are given in

Table 3.1.

Corollary 3.2. (Alnajjarine, Lavrauw € Popiel , 2022, Corollary 1.2)

Let S and S’ be solids in PGL(5,q), q even. Suppose that the point-orbit distributions
of S and S" are equal, and that the hyperplane-orbit distributions of S and S’ are
equal. Then either

35



(i) S and S’ belong to the same K -orbit,
(i) S and S’ belong to the union of the orbits Q11 and Qi2, or
(i) ¢ =2 and S and S" belong to the union of the orbits Q4 and Q.

Remark 3.1. (Alnajjarine, Lavrauw & Popiel , 2022, Remark 1.3)

In cases (ii) and (iii) of Corollary 3.2, one can determine whether S and S’ belong to
the same orbit by checking whether they intersect a certain orbit of lines in PG(5,q),
specifically the orbit labelled “0g” in (Lavrauw & Popiel, 2020). In (ii), a solid of
type €11 contains a line of type og, but a solid of type 12 does not. In (iii), a
solid of type €24 contains a line of type og, but a solid of type 9 does not. (See
Remark 3.5 and Section 3.4.)

This chapter is structured as follows. The proofs of Theorem 3.1 and the associated
data in Table 3.2 are given in Sections 3.1-3.3 for ¢ # 2. The case ¢ = 2 requires
special treatment, and is handled in Section 3.4. In Section 3.5, we compare our
results with the aforementioned partial classification of pencils of conics in PG(2,q),
q even (Campbell, 1927). We note that, our arguments intentionally exploit the
connection between solids in PG(5,¢) and pencils of conics in PG(2,¢). For example,
point-orbit distributions cannot be obtained by working directly with the associated
pencil of conics. On the other hand, stabilisers are easier to compute by working
with pencils of conics, as we can appeal to well-known transitivity properties of the
action of PGL(3,¢) on PG(2,q) (see e.g. the proof of Lemma 3.9).

as
0 1<<q qg+1
L orbits A 1 orbit
al = 1 a] = 0
3 orbits /\
agr >1 agr =0
6 orbits 1 orbit

Figure 3.1 The discussion structure of Chapter 3.
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Orbits  Representatives Generating conics Conditions

04 z ?tJ Z (X1+X2)2
E 1 X1Xo
E Yy z 2
X
Q t 2
2 'Z . X1Xo
E Yy z 2
X
QS y t X12
lz t ] 2
0 v z Y XoX1
4 .
-t X1Xo
ey
Q5 x 2z t X%X1+X2
X
ly t x 0
x Y Xo X1 + X3
QG z t X2
ly ¢t 2
x Yy z 2
XoX1+X5 —1y _
Q? Yy l‘+’)/y t (X0+X1+’}/X2)2 TI‘(’y >_1
| # t Y
0 ;’ ZZ i XoX, + X3
8
My (Xo+X2)(X1+X2)
. )
y ot ot Xo(X1+X>)
[z y 2
Xo X1+ X3 1y
Q10 Z y‘;W ZZ Xl(X0+X1+’}/X2) TT(’}/ )_1
vy XoX1+ X2
Q1 y t - X X
E y 1X2
E Y z 2
Xo X1+ X 1
M2 y t Yy +2 g Tr(y™') =1
Xo(Xo+X X
z yy+z y 2(Xo+X1+vX2)
z Y Z 2 2
v Xg 4+ Xo X1+ X7
Q13 y Yxr+ty 3 2 2 Tr(y) =1
E t N+ 2 1 Xo + XoXa+ X5
v Yoyt X L XXy X3
_’yx+y+’yt z t 0 041 1
[ 2 y bz+cy 9
XoX1 +X2 3 . .
Q15 Y z t X Xs +bX12 +cX22 bA® 4 cA+1 irreducible over I
|bz+cy t Y

Table 3.1 The K-orbits of solids in PG(5,¢q) and pencils of conics in PG(2,q), ¢ even.

In what follows, let S be a solid in PG(5,¢) and denote by W(S) the cubic surface
defined by setting the determinant of the matrix representing S to zero (see Section

2.7). For example, for the solid S spanned by the first four points of the standard
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Orbit  Point OD Hyperplane OD  Stabiliser Orbit size

1,q+1,2¢ —1q — %] 1,4/2,q/2,0] X (BgxCy1)  (¢°—1)(g+1)

[ [
Qo lg+1,q+1,2¢>—q—1,6—¢* [1,,0,0] E(i“ xC2_, (®+q+1)(g+1)
03 (1, q2+q+1q —1,q3—q] [¢+1,0,0,0] E2><1GL(2,q) @ +q+1
Q4 [g+2,1, q —2q — 7] [0,¢+1,0,0] GL(ZQ) (P +q+1)
Qs [1,q+1, q —1,¢°] [1,0,0,q] E2xCq1 q(@®—1)(qg+1)
Q (2,941, q +q-2,¢°—q] [1,1,0,¢ 1] Ci_1 %0y 3¢ (P +q+1)(g+1)
Q7 [0,g4+1,¢*>+q,q *q} [1,0,1,¢—1] Doy xCq1 33(®—1)
Os [3,1,q +2¢-3,4° 3—q| [0,2,0,¢—1] Cyq—1%Cy 3@ —1)(q+1)
Q9 [4,1,¢*+3¢—4 T 3 —2q [0,3,0,¢—2] Sym, %%q3(q3—1)(q2—1)
Q1o [1,1,q2+2q—1 (] _Q] [071717(1 ] Cq—l x Ca §q3(q3_1)(q+1)
Q11 (2,1 q +q—2,¢% [0,1,0,q] EgxCyq (2 —1)(¢+1)
Q12 [2,1,¢%+q- 29 3] [0,1,0,] Cs %q?’(q?’—l)(qQ—l)
Q3 [0,1,¢*+3q, q 8 —2q] [0,1,2,q—2] C3 % Cy §q3(q3—1)(q2—1)
Qs [0,1,¢*+4q,q ] 0,0,1,¢] Cy %q?’(q?’—l)(qz—l)
Q5 [1,1,¢* - 1,4+ [0,0,0,g+1] Cs 3¢ —1)(¢* - 1)

Table 3.2 Invariants of K-orbits of solids in PG(5,¢), ¢ even.

frame of PG(5,q):

(3.1) S =

N R

W(9) is the cubic surface comprising points as in (3.1) with Z?T = 0. In particular,
we see that S has rank distribution [q+1,2¢%,¢> — ¢*], meaning that it contains ¢+ 1
points of rank 1, 2¢* points of rank 2, and ¢® — ¢? points of rank 3. (The points
of rank 1 comprise the nonsingular conic given by Z =0 and XT = Y?2.) The rank
distribution is related to a particular case of what we call an orbit distribution. For
more information about the terminology used in this chapter and the connection

between solids of PG(5,¢) and pencils of conics in PG(2,q), we refer to Chapter 2.

Remark 3.2. As we will see later, studying cubic surfaces associated with solids
in PG(5,q) can be useful to differentiate between non-equivalent solids, but it is not
sufficient to completely characterize each orbit. For instance, by suitably reordering

the variables x,y,z and t, we can represent 2o by

y i
Sy = x

Y

+ KW

which has the same cubic surface as Qs defined by XT? =0, however the two orbits

are distinct by their intersection with the Veronese surface.

Before proceeding, we mention the following lemma concerning the hyperplane-
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orbit distribution ODg 4(S) = [a1,a2r,a2i,a3] of a solid in PG(5,q), ¢ even. Here
a; denotes the number of hyperplanes of type H; incident with U for each of the
symbols j € {1,2r,2i,3} (see Section 2.7).

Lemma 3.1. (Ailnajjarine, Lavrauw € Popiel , 2022, Lemma 2.9)
Let S be a solid of PG(5,q), where ¢ = 2" with h > 1, and let b denote the number of
points of S contained in V(Fy). Then the hyperplane-orbit distribution ODg 4(S) =

[a1,az,,a2i,a3] of S satisfies:
(i) a1+ 2az, +a3=q+0.

(ii) agr —ag;+1=>0.

Proof. First note that (q-+1)ay + (2¢+ 1)ag, +az; + (¢+1)ag — bg = ¢* + ¢+ 1. This
follows from the fact that each point on V(F,) either lies in S and belongs to g+ 1
hyperplanes through S, or belongs to exactly one hyperplane of PG(5,q) through
S, and the fact that the hyperplanes in the orbits H1, Hay, Hoi, H3 intersect V(Fy)
inqg+1, 2¢+1, 1 and ¢+ 1 points, respectively. Now use the fact that a; + ag, +
az; +a3 = q+1 and divide by ¢ to get (i). Substitution of a; +aa, + a3 by ¢+ 1 —ay;
gives (ii). O

3.1 Solids not contained in any hyperplane of type Hjs

We begin by classifying the K-orbits of solids that are not contained in any hy-
perplane of type Hs, namely, those for which the corresponding pencil of conics
contains no nonsingular conics. It is straightforward to list the possible configura-
tions of pairs of conics that can occur. However, since we are interested in K-orbits
of solids, i.e. pencils of conics as opposed to pairs of conics, we need to under-
stand when two different types of pairs of conics give rise to the same pencil up to

projective equivalence.

Here, and in subsequent sections, homogeneous coordinates in a solid S of PG(5,¢)
are generally denoted by (X,Y, Z,T'), where the solid is represented as in (3.1). The
pencil of conics in PG(2,¢) corresponding to S is denoted by P(S), and the cubic
surface obtained as the intersection of S with the secant variety V(F;)? of V(F,) is
denoted by W(S). As before, the homogeneous coordinates in the domain PG(2,q) of
the Veronese map v are denoted by (Xg, X1, X2), and those in PG(5,¢q) are denoted
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by (Y07"'7Y5)'

3.1.1 Solids contained in a hyperplane of type H;

We first treat the K-orbits of solids S corresponding to pencils P(S) that contain at
least one double line, namely those whose hyperplane-orbit distribution ODg 4(S) =
[a1,a2,,a2i,a3] has a; > 0. If P(S) contains exactly one double line (i.e. a; =1) and
no pair of (distinct) real lines (ag, = 0), then the orbit of S will arise later in our

analysis, since any such pencil contains a nonsingular conic, by the following lemma.
Lemma 3.2. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 3.1) If ODg 4(S) =

[1,0,a9;,as] with ag; >0, then ag > 0.

Proof. Putting a; =1 and ag, = 0 into Lemma 3.1(ii) gives b = 1 —ag;, which implies
that ag; < 1 since b > 0. Therefore, ag; =1 and so a3 = (¢+1)—2 > 0. O

We may therefore assume that if (S) contains exactly one double line, say £32,
then it contains at least one pair of distinct real lines, say L£L2£3. We then have the

following possibilities:
(i) the three lines are distinct and concurrent,
(ii) L1 coincides with one of Lo or L3, or
(iii) the three lines are distinct and not concurrent.

Since PGL(3,q) acts transitively on each of these configurations of lines, two solids
corresponding to the same configuration belong to the same K-orbit. In case (iii),
P(S) has exactly two base points, so the following lemma implies, together with

Lemma 2.6, that S is contained in a hyperplane of type Hs.

KX X

(7) (i) (iit)

Figure 3.2 Pencils of conics generated by a double line £; and a pair of real lines

LoULs.
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Lemma 3.3. (Ainajjarine, Lavrauw € Popiel , 2022, Lemma 3.2)
If ODk 4(S) = [1,a2;,a2;,a3] and S meets V(F,) in two points, then ag =0 and
asz > 0.

Proof. Since a hyperplane of type Ho; meets V(IF,) in one point, it follows that
az; = 0. Putting a; =1 and b= 2 into Lemma 3.1(i) gives a3 = (¢+ 1) — 2ag,. Since
q is even, (q+1) —2ag, is odd, so a3z > 1. O

If follows that we are left with at most two K-orbits, corresponding to the cases (i)
and (ii). We label these orbits as 1 and 9, respectively, and choose representatives

for them as

X z x z
(3.2) Quejy ¢ -, Qazly t -],
Z t z

obtained by taking L2 = Z(X;) and £3 = Z(X3) in both cases, £1 = Z((X1 + X2)?)
for 1 and £y = Z(X3) for Q5. We now calculate the point-orbit distributions,
hyperplane-orbit distributions, and stabilisers of the solids in these K-orbits. We
may use the representatives given in (3.2) for these calculations, since all of the
aforementioned data are K-invariant. We begin with the hyperplane-orbit distribu-
tions, verifying in particular the desired condition that each solid lies in a unique
hyperplane of type Hj, and that the orbits €; and Q3 are indeed distinct (because
their hyperplane-orbit distributions are distinct).

Lemma 3.4. (Alnajjarine, Lavrauw € Popiel , 2022, Lemma 3.3)
The hyperplane-orbit distribution of a solid of type Q1 is [1,q4/2,q/2,0]. The
hyperplane-orbit distribution of a solid of type Q2 is [1,¢,0,0]. In particular, Q1 # Qs.

Proof. Let S; denote the representative of 2; defined in (3.2), for i € {1,2}.
Lemma 2.2 implies that each of the pencils P(S;) does indeed contain a unique
double line (namely £%) and no nonsingular conics. Hence, in the notation of
Lemma 3.1, the hyperplane-orbit distribution of S; has the form [1,ag;,as2;,0] in
both cases, i.e. a1 =1 and a3 = 0. The pencil P(S7) has a unique base point (the
unique point of concurrency of the three lines £1, £9 and L3), so putting b =1 into
Lemma 3.1 yields ag, = ag; = ¢/2. On the other hand, P(S2) has ¢+ 1 base points
(those on the line L1), so ag, = ¢ and ag; = 0. O

Lemma 3.5. (Ainajjarine, Lavrauw € Popiel , 2022, Lemma 3.4)
The point-orbit distribution of a solid of type Q1 is [1,q+1,2¢> —1,¢> — ¢?]. The
point-orbit distribution of a solid of type Qo is [q+1,q+1,2¢> —q—1,¢> — ¢?].
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Proof. Consider again the representatives S and Sz in (3.2). Points of rank at most
2 in ) correspond to points on the cubic surface W(S;) = Z(XT? +Y?2T + Z°T).
There are 2¢® + ¢+ 1 such points, exactly one of which has rank 1, namely the point
with homogeneous coordinates (X,Y,Z,T) = (1,0,0,0), which is the image under v
of the unique base point (Xo, X1,X2) = (1,0,0) of the pencil P(S;) (cf. Lemma 2.6).
Hence, the rank distribution of Sy is [1,2¢* +q¢,¢> — ¢%]. The points of S; contained
in the nucleus plane are those on the line Z(X,T), so the point-orbit distribution of
Sy s [1,¢4+1,2¢* — 1,4 — ¢?]. The cubic surface ¥(Ss) is Z(Z2T), which contains
2¢*> + g+ 1 points, being the union of two planes meeting in a line. It intersects
V(F,) in the conic Z(Z, XT +Y?), and the nucleus plane in the line Z(X,7). O

We now calculate the stabiliser Kg, < K of S; € Q; for i € {1,2}. Recall the group-

theoretic notation established in Notation 2.2.3.

Lemma 3.6. (Alnagjjarine, Lavrauw € Popiel , 2022, Lemma 3.5)
If S1 € Q) then K5’1 = Eg X (Eq X Oq_l). If Sy € Q) then K52 = E(}—'—Q X Oq2_1.

Proof. 1f Sy is the representative of §2; given in (3.2) then Kg, < Kp, where P =
(1,0,0,0) is the unique point of rank 1 in S;. Notice that Kp is equal to the
stabiliser of the plane m = Z(7'), because 7 is the tangent plane to V(F,) at P. An
element of Kp therefore fixes S; if and only if it maps the point @ = (0,0,0,1) into
S1, since S1 = (m,Q). Elements of Kp = Eg x GL(2,q) are represented by matrices
g = (gij) € GL(3,q) with go1 = g31 = 0. The subgroup H = GL(2,q) of Kp obtained
by setting g12 = g13 = 0 fixes the conic Z(Y32 +Y,Y5) in the plane 7’ = Z(Yp, Y1, Y3).
Since () is a point external to this conic and distinct from its nucleus, it follows by
considering the quotient space of n’ that Kg, = Eg X (Ey x Cy—1). The solid Sz € Q9
given in (3.2) meets V(F,) in a conic which spans the plane 7: Z(Z7), so Kg, < K.
An element of K represented by a matrix (g;;) € GL(3,¢) belongs to K if and only
if g31 = g32 = 0. It fixes So if and only if it also fixes the line Z(X,T") in which Sy
intersects the nucleus plane. This occurs if and only if g91 is also 0. Upon factoring

out scalars we therefore obtain Kg, = E;*Q X C’g_l. ]

If P(S) contains more than one double line, then it is a pencil of lines. There is
one K-orbit of such solids, which we call Q3. Generating P(S) by the double lines
Z(X?) and Z(X3) gives the representative

T Yy Z

Q3 |y - ¢
z t
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Lemma 3.7. (Alnajjarine, Lavrauw € Popiel , 2022, Lemma 3.6)

A solid S3 € Q3 has point-orbit distribution [1,¢*> +q+1,¢> —1,¢% — ¢?], hyperplane-
orbit distribution [q+1,0,0,0], and stabiliser Kg, = Eg x GL(2,q). In particular,
Q3 & {h,Qa}.

Proof. Let S3 denote the above representative of {23. Since all conics in the pencil
P(S3) are double lines, the hyperplane-orbit distribution of Ss is [¢+1,0,0,0]. This
implies that Q3 & {1,022} (upon comparing with Lemma 3.4). The cubic surface
U(S3) is the union of the nucleus plane Z(X) and the plane Z(7T'). It contains
exactly one point of rank 1, namely the point P = (1,0,0,0). Therefore, we obtain the
asserted point-orbit distribution. The stabiliser is immediate from the hyperplane-
orbit distribution. O

3.1.2 Solids not contained in a hyperplane of type H;

Next we classify the solids contained neither in hyperplanes of type Hs, nor in
hyperplanes of type Hi. Let S be such a solid, namely one with ODg 4(5) =
[0, a2y, a2;,0]. Since we are assuming that ¢ > 2, it follows from Lemma 3.1(i) that
agr = 2. Hence, there exist two pairs £1Lo and L3L£4 of distinct real lines generating
P(S). There are a number of possible configurations of the lines Li,...,Ly (see
Figure 3.3), but it turns out that only one of these gives a K-orbit with the assumed
hyperplane-orbit distribution.

3 base points 4 base points q+ 2 base points

1 base point q+ 1 base points

Figure 3.3 The possible configurations of the lines Lq,...,Ly; q # 2.

Lemma 3.8. (Alnajjarine, Lavrauw € Popiel , 2022, Lemma 3.7)
There is a unique K-orbit of solids with hyperplane-orbit distribution [0, agy,as;,0].
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Proof. If the four lines Ly,..., L4 are concurrent, then S € ;. If P(S) has one of
the lines as its base, then S € Q9 since P(S) then also contains that base as a double
line. If the two pairs £1L2 and L£3£4 meet in either three or four points, then P(S)
contains at least one nonsingular conic (and so a3 # 0): this can be verified by a
direct computation, and also follows from the treatment of the orbits 2g and g
in Section 3.2.2.1. The only remaining possibility is that the two pairs share a line
and do not meet in the same point, in which case the base of P(S) is an antiflag
(a non-incident point—line pair), consisting of the shared line and one extra point.

Since PGL(3,q) acts transitively on antiflags, there is one such K-orbit of solids. []

The K-orbit of solids arising as above is denoted €4. Taking P(S) generated by the
pairs of real lines Z(XoX1) and Z(X1X2) gives the representative

Qu: |- 2

Lemma 3.9. (Ainajjarine, Lavrauw € Popiel , 2022, Lemma 3.8)
A solid Sy € Q4 has point-orbit distribution [q+2,1,2¢> —2,¢% — ¢?], hyperplane-
orbit distribution [0,q+1,0,0], and stabiliser Kg, = GL(2,q). In particular, Q4 ¢

Proof. Let S be the solid defined above. Every conic in the pencil P(S4) has
the form Z(X1(AXo+ pX2)) for some A, u, i.e. every conic in P(Sy) is a pair of
real lines, so the hyperplane-orbit distribution is [0,¢+1,0,0], and this implies that
Q4 €{Q1,92,Q3}. The cubic surface ¥(Sy) = Z(Z(XT +Y?)) is the union of a plane
and a quadratic cone with vertex P = (0,0,1,0), meeting in a conic C = Z(YyY5+YZ).
It intersects Sy in PUC, so Sy contains g+ 2 points of rank 1. The nucleus of C
is the unique point of Sy in the nucleus plane. The pencil P(Sy) is fixed by an
element of PGL(3,¢) if and only if the antiflag comprising its base is fixed, so Kg,
is isomorphic to the stabiliser of an antiflag, i.e. Kg, = GL(2,q). H

This completes the classification of solids contained in no hyperplane of type Hs,
or equivalently, of pencils of conics containing no nonsingular conics. We make the

following observation for reference.

Corollary 3.3. (Alnajjarine, Lavrauw € Popiel , 2022, Corollary 3.9)
There is no pencil of conics in PG(2,q), q even, with ¢+ 1 singular conics and empty

base.
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Proof. If ¢ > 2 then a pencil P with ¢+ 1 singular conics corresponds to a solid
S € U...UQy. By the point-orbit distributions calculated above, S meets V(IFy)
in at least one point, so Lemma 2.6 implies that P has at least one base point. By
Section 3.4, the result holds also for ¢ = 2. m

3.2 Solids contained in at least one and at most ¢ hyperplanes of type 3

In this section we classify the K-orbits of solids contained in at least one hyperplane
of type Hs and at most ¢ such hyperplanes. That is, we treat the solids S with
hyperplane-orbit distribution ODg 4(S) = [a1, a2, a2i,a3] where 1 < a3 < ¢q. The
cases (i) a1 # 0, (ii) a1 =0 and ag, # 0, and (iii) a; = ag, = 0 and ag; # 0 are
analysed separately in Sections 3.2.1, 3.2.2 and 3.2.3, respectively. The following

observation implies that aj + ag, +ag; < 3 (and hence az > ¢ —2) in all cases.

Lemma 3.10. (Alnajjarine, Lavrauw € Popiel , 2022, Lemma 4.1)

A pencil containing a nonsingular conic contains at most three singular conics.

Proof. A pencil generated by Z(f) and Z(g), with Z(g) nonsingular, contains a
singular conic Z(f + Ag) if and only if A is a root of a (certain) cubic in Fy[X] (cf.
Lemma 2.2). O

3.2.1 Solids contained in a hyperplane of type H;

The stabiliser of a nonsingular conic C in PG(2,¢) has three orbits on lines, namely
tangents to C, secants to C, and lines external to C. Hence, there are at most three
K-orbits of solids contained both in a hyperplane of type Hsz (which corresponds to
a nonsingular conic) and a hyperplane of type H; (which corresponds to a double
line). Since the corresponding types of pencils have different numbers of base points,
there are exactly three K-orbits. The following representatives are obtained using
the nonsingular conic C = Z(XoX1 + X2) and the double lines corresponding to the
tangent Z(Xo), the secant Z(X3) and the external line Z(Xo+ X1 +,/7X2), where

45



Orbit Point-orbit distribution = Hyperplane-orbit distribution Stabiliser

Q5 [17q+17q2_17q3] [170707(]] Eg X qul
Q6 [27q+1aq2+q_27q3_Q] [17170aq_1] Cq—l NCZ
Q7 [O7q—|—17q2+Q7q3_Q] [17071aq_1] D?(q—l—l) X Oq—l

Table 3.3 Data for Lemma 3.11.

7 is some fixed element of F, with Tr(y™1) =1 (cf. Lemma 2.5):

Ty T -y T Y z
(33) Qs:|z 2z t|, Q:|- 2z t|, Q:ly x+yy t| where Tr(y™ ") =1
Y T y to- Z t Y

£ D O

Figure 3.4 Pencils of conics associated with Q5, Qg and €27.

Lemma 3.11. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 4.2)

The point-orbit distributions, hyperplane-orbit distributions, and stabilisers of solids
of types 5, Q¢ and 27 are as in Table 3.3. In particular, these orbits are distinct
from each other and from €q,... Q4.

Proof. Let S; € Q;, i € {5,6,7}, be the representatives given in (3.3). The
hyperplane-orbit distribution of S is an immediate consequence of Lemma 2.2,
which implies that a conic Z(AXZ + Xo X1 +X2) in the pencil P(S5) cannot be singu-
lar. Similarly, a conic Z(AX2 + X0 X1+ X3) in P(Sg) is singular if and only if A =1,
in which case one obtains the pair of real lines Z(XX7), both of which are tangents
to the conic Z(XoX; + X3). Finally, a conic Z(A( X+ X +~vX2) + Xo X1 + X3)

1 in which case one obtains the pair of

in P(S7) is singular if and only if A =~~
conjugate imaginary lines Z (Xg +~vX0X1+ X?). The hyperplane-orbit distributions

imply that Qs, Q6 and Q7 are distinct and do not belong to {€,...,Q4}.

Next, we calculate the point-orbit distributions. The cubic surface ¥(S5) = Z (X3 +

Y27) consists of ¢ +¢-+1 points, being a cone with vertex a point and base a planar

rational cubic curve. It meets the nucleus plane , in the line ¢: Z(X,Z), and V(F,)

in its unique singular point P = (0,0,1,0), i.e. the image of the base point of P(S5)

under v. The cubic surface ¥(Sg) = Z(XT?+Y?2Z) consists of ¢>+2¢+ 1 points,

since its point set is in one-to-one correspondence with the points on the hyperbolic
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quadric Z(XT +Y Z). It meets m, in the line Z(X,7), and V(F,) in the images of
the two base points of P(Ss). Finally, ¥(S7) = Z(vXY? + Y 22+ XT? + X?Y +
X 7% 4Y3) consists of two lines in the plane Z(Y) and ¢? additional points. It is
disjoint from V(F,) and intersects 7, in the line Z(X,Y).

It remains to calculate the stabilisers. If an element of K represented by a matrix
(gij) € GL(3,q) fixes S5 then it must fix the point P = SsNV(F,) and the line £ =
Ss N7y, (both calculated above). This occurs if and only if g12 = g13 = gag = g32 = 0.
An element of KpN Ky fixes Sy if and only if it also maps the point @ = (1,0,0,0)
into S, since S5 = (P,Q,¢). This occurs if and only if also g33 = g11g92. Factoring
out scalars therefore gives Kg, = Eg X Cy—1. Since P(Sg) contains a unique double
line £2 and a unique pair of real lines £oL3, its stabiliser in PGL(3,q) is equal
to the stabiliser of £ inside the stabiliser Cg_l x Syms of {L£1,L92,L£3}. Hence,
Kgy = C’g_l x Cy. Finally, a solid S7 € {27 is contained in a unique hyperplane H;
of type Hi, which meets V(F,) in a conic C, and in a unique hyperplane Hg of
type Hg;, which meets V(F,) in a point P ¢ Hy. Therefore, Kg. is a subgroup of
KeNKp=GL(2,q). Since S7 is disjoint from V(F,), it meets the conic plane m = (C)
in a line ¢ external to C. By considering the action of Kg., on 7, we therefore deduce
that Kg, is a subgroup of the stabiliser of ¢ in K¢ N Kp, which is isomorphic to
Dy(g41) X Cg—1. The fact that Kg; is equal to this group follows from the one-to-
one correspondence between the hyperplanes of type Hg; through P and the lines
external to C in m. (Over the quadratic extension of PG(5,¢), ¢ meets C in a pair of
conjugate points, and Ho meets the Veronese surface in two conjugate conics which

pass through P and meet C in those points, so Hy is uniquely determined by ¢.) [

Remark 3.3. (Alnajjarine, Lavravw & Popiel , 2022, Remark 4.3)

It follows from the first part of the proof of Lemma 3.11 that 2 can also be obtained
by considering either (i) a pencil spanned by a nonsingular conic C and a pair of two
real lines tangent to C, or (ii) a pencil spanned by a pair of real lines and a double

line meeting the pair in two distinct points.

3.2.2 Solids contained in a hyperplane of type Ho, and no hyperplane of

type H;

If S is a solid with hyperplane-orbit distribution [0, ag,,az;,as] where ag, >0 and
1 < a3 < ¢, then we may assume without loss of generality that P(S) is generated by

a nonsingular conic C and a pair of real lines £1£5. Let us encode the configuration
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(C,L1,L2) by the pair of integers (k1,k2) where k; denotes the number of points in
L;NC. The possible configurations are (k1,k2) € {(2,2), (2,1), (2,0), (1,1), (1,0),
(0,0)}. By Remark 3.3, we may ignore the case (ki,k2) = (1,1).

(2,2) (2,2) (2,1) (2,0)

(1,1) (1,0) (0,0)

Figure 3.5 The possible configurations of pencils of conics generated by a nonsingular
conic C and a pair of real lines £1U Lo, where (kj, ko) denote the number of points
in »Cz NC.

3.2.2.1 (k1 ko) = (2,2)

If (k1,k2) = (2,2) then P(S) has either three or four base points. Exactly one K-
orbit arises from each of these two cases. In the case of three base points, this
follows from the fact that the stabiliser of a nonsingular conic acts 3-transitively on
its points; in the case of four base points, it follows from the fact that the image of

a frame of PG(2,¢) under v spans a solid. The resulting orbits are

x Yy z r x
(3.4) Qg |y t =z, Qo:lz 2z t|.
zZ z vy Y t

Here the representative for (lg is obtained from the pencil generated by C =
Z(XpX1+ X2) and the pair of real lines £1 = Z(Xo+ X2) and Lo = Z(X1 + Xa),
which meet in the point (1,1,1) on C. To obtain the representative for g, note
that the conic C = Z(Xo(Xo+ X1)+AX2(X1 + X2)) is nonsingular for all A ¢ {0,1},
by Lemma 2.2. Fix C by choosing such a A, and then take the pair of real lines
L1Ly = 2Z(Xo(Xo+ X1)), which meets C in the four points

(3.5) P =(0,1,0), P,=(1,1,0), P3=(0,1,1) and P4 = (1,1,1).
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Lemma 3.12. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 4.4)

The hyperplane-orbit distribution of a solid of type Qs, respectively Qg, is [0,2,0,q—
1], respectively [0,3,0,q—2]. In particular, these orbits are distinct and do not belong
to {Q1,...,Q7}.

Proof. Let Sg and Sy denote the representatives in (3.4). A conic Z(XoX1+ X3+
A((Xo+ X2)(X1 + X2))) in the pencil P(Sg) is singular if and only if A =1, by
Lemma 2.2, and setting A = 1 yields a pair of real lines. As noted above, a conic
Z(Xo(Xo+X1) + 2 X2(X1 + X2)) in P(Sg) is singular if and only if A € {0,1}, and
both values produce pairs of real lines distinct from the chosen generator Z(Xo(Xo+
X1)). O

Remark 3.4. (Alnajjarine, Lavrauw & Popiel , 2022, Remark 4.5)

If Sg € Qg then the second pair of real lines in P(Ss) has (k1,k2) = (2,1): it comprises
the secant Z(X32) and the tangent Z(Xp+ X1) to the generating nonsingular conic
Z(XoX1+ X2). Since the stabiliser of a nonsingular conic C acts 3-transitively on
the points of C, this implies that g is the only K-orbit obtained from a pencil
generated by a nonsingular conic C and a real line pair consisting of a secant and a
tangent to C meeting at a point not on C. (Note that the above lines meet in the
point (1,1,0), which is not on Z(X¢X; + X2).) On the other hand, the three pairs
of real lines in P(Sg) all have (ki,k2) = (2,2).

Lemma 3.13. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 4.6)
The point-orbit distribution of a solid of type Qg is [3,1,¢°> +2q—3,¢°> —q]. The
point-orbit distribution of a solid of type Qg is [4,1,¢> +3q—4,¢> —2q].

Proof. Consider again the solids Sg and Sg in (3.4). The cubic surface V(Sg) =
Z(XYT+ XZ%2+Y3 + Z%T) intersects the plane Z(X) in a rational cubic curve
with ¢+ 1 points, and the points of W(Sg)\ Z(X) comprise the set {(1,0,0,%) :
teF U{(1,1,1,t): t e F 3 U{(1,u,2, f(y,2)) : y,2 € Fy; y # 22}, where f(y,z2) =
(22 4+93)/(y + 2%), which has size ¢* +¢. It meets V(F,) in the image of the base
of P(Ss), and the nucleus plane in a unique point. The cubic surface W(Sg) =
Z(Z(XT+Y?)+XT?+ X?T) meets the plane Z(X) in two lines and contains ¢+ ¢
additional points, namely those comprising the set {(1,0,2,0):z € F,}U{(1,1,2,1):
z€F U{(1,y,9(y,t),t) s y,t € Byt # y?} where g(y,t) = (t+t2)/(t +y?). It meets
V(F,) in the image of the base of P(Sg), and the nucleus plane in a point. O

Lemma 3.14. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 4.7)
If Sg € Qg then Kg, = Cy—1 x Cy. If Sg € Qg then Kg, = Symy.
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Proof. The solid Sg € Qg given in (3.4) contains exactly two pairs of real lines,
namely £1Lo and L] L5 where £1 = Z(X1 + X2), L2 = Z2(Xo+ X2), L] = Z(X>)
and L5 = Z(Xo+ X1). Note that £; and L2 meet in a point P = (1,1,1) which
also lies on L4, while £] and £5 meet in a point P’ = (1,1,0) disjoint from L£1Ls.
The stabiliser G < PGL(3,q) of P(Ss) therefore fixes both of £] and £, because £}
meets £1Lo in the unique point P while £ meets £1L5 in two points, Q = (1,0,0)
and R =(0,1,0). Hence, it also fixes £1L5 and therefore P. That is, G is equal to
the stabiliser of P, P" and {Q, R}. Since P, Q and R are collinear, G = Cy_1 x C.
Explicitly, Kg, = G is generated by the elements of K represented by the matrices

010 1 0 w+l
(3.6) 1 00/ and |0 1 w+1]|, where (w)=TF.
0 01 0 0 w

If Sy € Qg then the base of P(Sy) is the frame of PG(2,¢q) given in (3.5), so Kg, =
Sym4. ]

3.2.2.2 (k1, ko) = (1,0)

To prove that the configuration (k1,k2) = (1,0) leads to a unique K-orbit, we
consider extending the nonsingular conic C to a conic in the quadratic extension
PG(2,¢%) of PG(2,q). For clarity, we write C for the extension of C to PG(2,¢?),
and use the same ‘bar’ notation for the corresponding extensions of other objects,
in particular £ and Ly for the pair of real lines £; and Lo. Let o € PFL(3,q2)
be the Frobenius collineation of PG(2,¢?) induced by the automorphism a — a4 of
F,2. Since Ly is external to C (i.e. ko =0), Lo intersects C in a pair of conju-
gate points (P, P§). Let P; denote the unique point in which £1 meets C, and let
Gz=PGL(2, %) denote the stabiliser of C in PGL(3,¢?). Consider another real point
Ry and pair of conjugate points Ry and RS, associated with a second pair of real
lines £1 L5 with (kq,k2) = (1,0). Let o denote the unique projectivity in Gz mapping
the triple (Py, P2, P§) to (R1,R2,R3). Since Gg acts sharply 3-transitively on the
points of C and aoca™!o fixes the triple (P, Po, P§) pointwise, a commutes with o
and therefore belongs to PGL(3,q). In other words, the stabiliser of C in PGL(3,q)
acts transitively on pairs of real lines meeting C in the configuration (ki,k2) = (1,0),

so there is a unique K-orbit of solids arising from this configuration. We denote this
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orbit by €219 and choose the representative

r Yy oz
Quo: |y y+qt t|, where Tr(y!)=1,
z t Y

obtained by taking C = Z(Xo X1+ X3), £1 = Z(X1) and L2 = Z(Xo+ X1 +7X3).

Lemma 3.15. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 4.8)

A solid S1p € Qo has point-orbit distribution [1, 1,?+2¢—1,¢3— q], hyperplane-
orbit distribution [0,1,1,q—1], and stabiliser Kg,, = Cy—1 x Ca. In particular, Qo &
{Ql,...,Qg}.

Proof. Let S1p be the solid given above. The hyperplane-orbit distribution is cal-
culated via Lemma 2.2, and implies that €1 is distinct from all previously con-
sidered K-orbits. Explicitly, the only singular conic in P(S1g) other than £1Lo
is the pair of imaginary lines £}L£5 = Z(X?+~vX1 X2+ X3). The cubic surface
U(S10) = Z(T?X +~7TXY ++TZ%+ XY? + T3 +TZ?) meets the plane Z(Y) in
the union of the nonsingular conic ¢’ = Z(Y,TX +~vZ? +T? + Z?) and the line
Z(Y,T), which is tangent to C’. The remaining points of W(S19) comprise the
set {(f(z,),1,2,t) : 2,t € F,}, where f(z,t) = (22(1+~t) +1)/(#* +~t + 1), which
has size ¢°. Moreover, W(S19) meets V(F,) in the (unique) point (1,0,0,0), and
the nucleus plane in the point (0,0,1,0). To calculate the stabiliser, note that £}
and £5 meet in a point P’ = (1,0,0) which also lies on £, while £ and L5 meet
in a point P = (7,0,1) disjoint from £}L}. Extending to PG(2,¢?), we therefore
obtain a pencil P(Sig) of type Qg. In particular, the stabiliser G < PGL(3,¢?)
of P(S10) is equal to the stabiliser of P, P and {Q,R} = L NL) L, Hence,
G = Cp_y x Oz by Lemma 3.14, and comparing with (3.6) we see that over F,
we obtain Kg,, = Cy_1 x Co. O

3.2.2.3 (k1,ko) = (1,2)

Next we consider the configuration (ki,k2) = (1,2), namely the case in which £; is
a tangent to C and Lo is a secant to C. If the point P = LN Ly is not on C then,
by Remark 3.4, we obtain the K-orbit {23. Hence, we may assume that P is on C,
and since the stabiliser of a nonsingular conic acts 3-transitively on the points of

the conic, a unique K-orbit arises in this way. (Indeed, 2-transitivity is sufficient to
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guarantee this.) We denote this K-orbit by €217 and choose the representative

Qlliyt-,
Yy

obtained by taking C = Z(Xo X1+ X3), £1 = Z(X1) and Ly = Z(X3).

Lemma 3.16. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 4.9)

A solid S11 € Q1 has point-orbit distribution [2,17q2 +q— 2,q3}, hyperplane-orbit
distribution [0,1,0,q], and stabiliser Kg,, = Eqx Cq_1. In particular, Qi1 ¢
{Ql, . ,Ql()}.

Proof. Let S11 be the solid given above. Lemma 2.2 implies that the pair of real
lines £1L5 is the only singular conic in the pencil P(S11), so the hyperplane-orbit
distribution of Sy; is [0,1,0,¢|. In particular, €;; is distinct from all of Q,..., Q0.
The cubic surface ¥U(Qq1) = Z(XYT + Y3+ Z2T) intersects the plane Z(Y) in the
two lines Z(Y, Z) and Z(Y,T) and contains ¢* — ¢ additional points, comprising the
set {(z,1,2,(x+2%) 7Y : 2,2 € Fy; @ # 22}, There are two points in S13 NV(Fy),
namely P; = (1,0,0,0) and P, = (0,0,0,1), and one point @ = (0,0,1,0) in which
S11 meets the nucleus plane. The stabiliser Kg,, certainly fixes ) and {Py, P>}
However, P; is the image under v of the point of intersection of £1Ls2, so Kg,, must
fix Py and P pointwise. An element of Kp NKp, N K is represented by a matrix
(gij) € GL(3,q) with g12 = go1 = g23 = g31 = g32 = 0. It fixes Si1 if and only if it also
maps the point R = (0,1,0,0) into S11. This occurs if and only if also g11g92 = g3,
so Kg,, = EyxCy_1. O

3.2.2.4 (k1,ko) = (2,0)

We now show that the configuration (k1,k2) = (2,0) also produces exactly one new
K-orbit. As in the case (k1,k2) = (1,0), consider the extension C of the nonsingular
conic C to PG(2,¢%). The extension £1 of the secant line C meets C in two F-
rational points, and the extension Lo of the external line £o meets C in two Iqu—
rational points which are conjugate under the Frobenius collineation ¢ induced by
the automorphism a — a? of F,2. These four points form a frame of PG(2, q%), since
they lie on C. Any two such configurations are therefore PGL(3,¢?)-equivalent, via
some a € PGL(3,¢?). Verifying that aca™lo fixes the frame obtained from £;.Ls
implies that a € PGL(3,q), cf. the case (k1,k2) = (1,0). Hence, we obtain at most
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one K-orbit from the configuration (ki,k2) = (2,0). We verify below that this orbit
is distinct from all previously considered orbits, and therefore label it €219 and choose

the representative

T Yy z
ety t vyy+z|, where Tr(fy_l):L
Z YYy+z Y

obtained by taking C = Z(Xo X1+ X2), L1 = Z(X2) and Lo = Z(Xo+ X1 +7X>).

Lemma 3.17. (Alnajjarine, Lavrauvw & Popiel , 2022, Lemma 4.10)
A solid of type Qo has point-orbit distribution [2,1,q> +q—2,¢%], hyperplane-orbit
distribution [0,1,0,q], and stabiliser Kg,, = C3. In particular, Q12 € {Q1,...,Q11}.

Proof. The proof is similar to that of Lemma 3.16 (for Q7). Taking Si2 to be the
solid defined above, Lemma 2.2 yields the hyperplane-orbit distribution. The cubic
surface U(S12) meets the plane Z(Y) in two lines and contains ¢ — ¢ further points.
It meets V(IF,) in the two points P; = (1,0,0,0) and P» = (0,0,0,1), and the nucleus
plane in the point @ = (0,0,1,0). The stabiliser Kg,, must fix () and {P,P2}. It
induces a permutation group of order 2 on {P;, P>} because e.g. the element of
K represented by the matrix obtained by swapping the first and second columns
of the identity fixes S12 and swaps P and P». An element of Kp NKp, N K is
represented by a matrix (g;;) € GL(3,¢) with g12 = go1 = g31 = g32 =0, g22 = g11 and
923 = g13. It fixes Sj9 if and only if it also maps the point (0,1,0,0) into Si2, which
occurs if and only if g33 = g11 and ¢13 € {0,7g11}. Factoring out scalars, we see that
the kernel of the action of Kg,, on {P;, P»} also has order 2. Therefore, Kg,, = C3.
The point- and hyperplane-orbit distributions of Si2 imply that €219 is distinct from
all previously considered K-orbits, with the possible exception of 2;;. However,

Kg,, = (% is not isomorphic to Kg,, = E4xCq—1 (for any q), so also Q12 # Q1. O

Remark 3.5. (Alnajjarine, Lavravw & Popiel , 2022, Remark 4.11)

It is also possible to distinguish between the K-orbits €217 and €212 using their
line-orbit distributions, rather than their stabilisers, as follows. As per Lavrauw &
Popiel (2020), a line of type “og” is characterised by having point-orbit distribution
[1,1,g —1,0]. Considering again the solids S; € €;, i € {11,12}, used above, we
therefore see that in each case the only candidates for lines of type og are the two
lines (Q, P1) and (Q, P2), where Q = (0,0,1,0) is the unique point in which S; meets
the nucleus plane, and P; = (1,0,0,0) and P> = (0,0,0,1) are the two points of rank
1 in S;. Only one of these four lines has type og, namely (@, P;) in the case i = 11.
Therefore, S11 and S12 have different line-orbit distributions, and so Q11 # 12. (We
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note also that there is a typo in (Lavrauw & Popiel, 2020, Table 4): the fifth column
should say that a line of type og contains one point of the nucleus plane. This is,

however, clear from the representative given in (Lavrauw & Popiel, 2020, Table 2).)

3.2.2.5 (k1,k2) = (0,0)

Finally, we show that the configuration (k1,k2) = (0,0) also produces a unique K-
orbit. It suffices to use an argument similar to the one used in the case (k1,k2) =
(2,0). This time, both £1 and L9 are external to C and so both give rise to pairs
of conjugate points (with respect to the Frobenius collineation o). The four points
again form a frame, so the same argument as before shows that at most one K-orbit

arises. We denote this orbit by 213 and choose the representative

Ty z
M3 ly yz+y t |, where Tr(y)=1,
z t yr+2z

obtained as follows. Consider the two pairs of imaginary lines C; = Z(f;) where
fi =vXE+ XoX; + X2, i€ {1,2}. Then the pencil P(Si3) corresponding to the
solid Si3 defined above is generated by C; and Co. We must show that P(Si3)
contains a nonsingular conic C and a pair of real lines external to C. By Lemma 2.2,
the conic Z(A1 f1+ A2 f2) is singular if and only if A =0, Ay =0 or A} = A\g. Setting
A1 = Az yields the pair of real lines £1 = Z(X; + X3) and Ly = Z(Xp+ X + X2),

both of which are external to every nonsingular conic in the pencil, by Lemma 2.5.

Lemma 3.18. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 4.12)

A solid S13 € Q13 has point-orbit distribution [0,1,¢%> + 3q,q> — 2q|, hyperplane-
orbit distribution [0,1,2,q — 2], and stabiliser Kg,, & C3 x Cy. In particular,
Q3 € {,...,Q02}.

Proof. Let Si3 be the solid defined above. The preceding discussion gives the
hyperplane-orbit distribution, which implies that Q3 & {Q1,...,Q12}. The cubic
surface W(S13) intersects the plane Z(X) in three concurrent lines Z(X,Y"), Z(X, Z)
and Z(X,Y +Z), and contains a further ¢? points, parameterised as (1,y, z, f(y, 2))
where f(y,2) = (v +vy +v2+ 92 +y22 +yz Pz + yz2)1/2. It is disjoint from
V(F,) and meets the nucleus plane in a unique point, so the point-orbit distribution
of Si3is [0,1,¢> 4+ 3¢,¢® —2q]. It remains to calculate the stabiliser. As per the

discussion preceding the lemma, if we extend P(S13) to PG(2,¢?) we obtain a pencil
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with four base points comprising a frame B = { P}, P», P3, P4}, say. This pencil has
type Qg, so its stabiliser G < PGL(3,¢?) is isomorphic to Sym,, by Lemma 3.14.
The stabiliser G = GNPGL(3,q) of P(S13) is therefore a subgroup of Sym,. Now,
P(S13) also contains a unique pair of real lines £1Ls, and over F g each of these lines
meets two points of B, say L1 = (Py, P») and Lo = (P3, Py). Since G fixes £1L9, it
fixes {{P1, P2},{P3, Ps}} over F2, and therefore induces a subgroup of the permu-
tation group H = ((P1, Ps),(P3, Py), (P1, P3)(Ps, Py)) = O3 x Cy on B. Conversely,
a calculation shows that Kg , contains the group generated by the elements of K

represented by the matrices

100 1 00 1 00
1 1 0f, (01 0f and |0 O 1},
001 1 01 010
which is isomorphic to H. We therefore conclude that Kg,, = C35 x Cs. O

3.2.3 Solids contained in no hyperplanes of type H; or Ho,

Of the solids S with hyperplane-orbit distribution ODg 4(S) = [a1, a2, a2i, a3] where
1 < a3 < ¢, we have now classified those for which at most one of a; and ag, is 0.
It therefore remains to consider the case in which ODg 4(S) = [0,0,a9;,a3]. This
assumption implies, of course, that ag; > 1, since a3 < ¢. On the other hand,
Lemma 3.1(ii) implies that ag; < 1, since ag, =0 and b > 0. Therefore, we must
have ODg 4(S) =[0,0,1,¢]. Note that this then forces b =0 in Lemma 3.1, so
that P(S) must have empty base. We claim that the hyperplane-orbit distribution

[0,0,1,q] gives rise to a unique K-orbit, with representative

T Y yr+y+t
(3.7) Q4 Y Y4y 2 ,  where Tr(y)=1.
yr+y+t z t

This solid, call it S14, is obtained from the pencil generated by the nonsingular conic
Z(X?+ XX +vX3) and the pair of imaginary lines £1L = Z(y X3 + Xo X1 + X3?).
Lemma 2.2 confirms that P(S14) contains no other singular conics, and so Si4 has
the desired hyperplane-orbit distribution; it also has empty base, since the unique

real point (0,0,1) on £1L2 does not lie on any of the nonsingular conics.
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Lemma 3.19. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 4.13)
A solid of type Q14 has point-orbit distribution [0,1,¢%> +q,¢%] and hyperplane-orbit
distribution [0,0,1,q]. In particular, Q14 & {Q1,...,Q13}.

Proof. Tt remains to calculate the point-orbit distribution. Taking Si4 € 214 as
above, we find that the cubic surface W(Si4) meets the plane Z(X) in the line
Z(X,Y) and contains a further ¢ points, parameterised as (1,y, f(y,t),t) with
Fy,t) = (V2 +yyt> + v+ yy + 7t + 992 +ty +ty® + %) Y2, Tt is disjoint from V(F,)

(since P(S14) has empty base) and meets the nucleus plane in one point. ]

We now show that all solids with hyperplane-orbit distribution [0,0,1,q] belong to
the K-orbit €14, before finally calculating the stabiliser of such a solid.

Lemma 3.20. (Alnajjarine, Lavrauvw & Popiel , 2022, Lemma 4.14)
The solids with hyperplane-orbit distribution [0,0,1,q] form one K-orbit.

Proof. Let S be a solid with hyperplane-orbit distribution [0,0,1,¢], and let £ Lo
be the unique pair of imaginary lines in the pencil P(S). To prove the result, we
consider the extension of P(S) to PG(2,¢%). Since £ and Ls are conjugate with
respect to the Frobenius collineation o induced by the automorphism a — a? of F 2,
let us relabel them as ¢ and ¢?. Choose a nonsingular conic C in P(S), and denote
the extensions of P(S), C, ¢ and ¢° to PG(2,¢?) using a ‘bar’ (as in previous such
arguments). Recall from the discussion preceding Lemma 3.19 that ¢ and ¢7 are
external to C, since P(S) necessarily has empty base. We claim that ¢ and ¢ are
likewise external to C. If 7 is a tangent to C, meeting C in a point P, then 7 is
the tangent to C at the point P?. By the classification in Section 3.2.1, specifically
Remark 3.3, the pencil P(S) then has type Qg (over F2). In particular, {P, P7} is
the base of P(S), and the line (P, P?) is its unique double line. However, this line is

fixed by o, so we have a contradiction. If £ is a secant to C then it meets C in a pair

of conjugate points {P, P°}, and €7 is also a secant, meeting C in another pair of

conjugate points {@Q,Q7}. These four points are distinct because the point of inter-

section of £ and ¢ does not belong to C, so it follows from Section 3.2.2.1 that P(.5)
has type 9. However, the conic comprising the pair of lines (P, Q) and (P?,Q)

then belongs to P(S), a contradiction since this line pair is fixed by o. Hence, ¢

and (7 are external to C as claimed. Section 3.2.2.5 therefore implies that P(S) has
type Q13. Now suppose that S’ is a second solid with hyperplane-orbit distribution
[0,0,1,¢], and let m, m? be the unique imaginary line pair in P(S’). Since P(S’) also
has type Q13, there exists a projectivity o € PGL(3,¢%) mapping S to S’. Choose
two points Ry and Ry on £ that do not belong to 7. Then A = (Ry, Re, R, RS) is

a frame of PG(2,¢?), mapped by « to a frame (Wy, We, W?, WY), where without
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loss of generality the points Wi and Wy are on i\ m?. The projectivity aca~lo

fixes A pointwise, and so is equal to the identity element of PGL(3,¢?). Hence, a
commutes with o, and therefore belongs to PGL(3,¢). In other words, there exists
an element of PGL(3,¢) mapping P(S) to P(S’), and so the solids S and S’ belong
to the same K-orbit. O

Lemma 3.21. (Alnajjarine, Lavrauvw & Popiel , 2022, Lemma 4.15)
If S14 € Quq then Kg,, = Cy.

Proof. Let ¢ and ¢° be the unique pair of imaginary lines in P(S14), where o is
the Frobenius collineation of PG(2,¢?) induced by the automorphism a +— a9 of
F,2. As explained above, the extension P(S14) of the pencil P(S14) to PG(2,4?)
has type 13. The base B of P(S14) comprises two distinct points P and @ on
the line ¢ and their conjugates P° and Q@ on (9. By the proof of Lemma 3.18,
the stabiliser of P(S14) in PGL(3,¢?) is isomorphic to the permutation group
H={((P,Q),(P?,Q%),(P,P?)(Q,Q%)) < Sym(B), which has order 8. Now, observe
that the projectivity inducing the permutation (P, Q) does not belong to PGL(3,¢),
because if an element of PGL(3,q) swaps P and ) then it must also swap P? and
Q°. (Indeed, none of the given generators of H are realised over F,.) Therefore,
the stabiliser of P(S14) in PGL(3,¢) has order at most 4. Conversely, if we take
Si4 to be the solid defined in (3.7) then a calculation shows that Si4 is fixed by the

subgroup of K generated by the element of order 4 represented by the matrix

We therefore conclude that Kg,, = (U4, as claimed. O

3.3 Solids contained in ¢+ 1 hyperplanes of type H3

It remains to consider the possibility that a solid S of PG(5,¢) is contained in g+ 1
hyperplanes of type Hs, or, equivalently, that the associated pencil of conics P(.5)
contains ¢+ 1 nonsingular conics. We first establish the existence of such solids.
Choose b, c € IF; such that the cubic bA3 4 cA+1 has no roots over [F,. (For example,

take the minimal polynomial of a primitive element « of the field extension F3 /Fyq,
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scale it to make the constant term 1, and then apply a coordinate transformation to
eliminate the A2 term.) Lemma 2.2 shows that the pencil generated by Z(XoX7 +
X3) and Z(XX2+bX?+cX3) contains ¢+ 1 nonsingular conics, and so we obtain
the desired orbit of solids with hyperplane-orbit distribution [0,0,0,q+ 1],

x y bz+cy
(3.8) Q5 Y z t ., where A3+ cA+1 is irreducible over Fy.
bz+cy t Y

By Lemma 3.1, a pencil of conics corresponding to a solid in this orbit has a unique

base point.

Lemma 3.22. (Alnajjarine, Lavrauw € Popiel , 2022, Lemma 5.1)
A solid of type Q5 has point-orbit distribution [1,1,¢*> —1,¢>+q] and hyperplane-
orbit distribution [0,0,0,q+ 1].

Proof. Let Si5 be the solid defined in (3.8), for some fixed b,c € F, such that bA? +
cA+1 is irreducible over [F. It remains to calculate the point-orbit distribution of
S15. The cubic surface W(Si5) intersects the plane Z(Z) in a rational cubic curve
consisting of ¢+ 1 points, and contains a further q2 — ¢ points, parameterised as
(f(y,1),y,1,t) with f(y,t) = (b+cy*+9®)/(t*+y) and t* #y. It meets V(F,) in
a unique point, and the nucleus plane in a unique point. Hence, the point-orbit
distribution of Si5 is [1,1,¢2—1,¢%+¢]. O

We now show that every solid with hyperplane-orbit distribution [0,0,0,q+ 1] be-
longs to the K-orbit 215. We need to know the sizes of the following unions of
K-orbits, which are calculated via the orbit—stabiliser theorem using the relevant
stabilisers (from Table 3.2) and the fact that |K| = |[PGL(3,q)| = ¢*(¢®> — 1)(¢> — 1):

1Q6UQ7| =¢*(¢*+q+1), [QsUQ10| = ¢*(¢° —1)(g+1), |QUs| = t¢* (¢*—1)(¢* —1).
Note also that [H1] = ¢*+q+1, [Har| = 5q(q+1)(¢* +q+1), [Hail = 5q(g—1)(¢* +
g+1) and |H3| = ¢® — ¢?. Write Ha = Ha, UHo; and note that |Ho| = PP +q+1).

Lemma 3.23. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 5.2)
A hyperplane belonging to the K -orbit Hs contains exactly ¢* solids that are con-
tained in a hyperplane of type Hi and in a hyperplane of type Ha.

Proof. Since Hs is a K-orbit, each of its hyperplanes contains the same number of
solids that are contained in a hyperplane of type H; for both j € {1,2}. Denote
this number by k. Let H € H3 and H; € H;. By Section 3.2.1, the solid H N H;
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belongs to one of the K-orbits (15, {26 or {27, and accordingly has hyperplane orbit
distribution [1,0,0,q], [1,1,0,¢ — 1] or [1,0,1,¢q — 1] (by Lemma 3.11). If a solid
H N Hy with Hy € Ho belongs to a hyperplane of type Hi, it therefore has type Qg
or 7, and each such solid belongs to ¢ — 1 hyperplanes of type H3. Counting the
flags (H,S) where H € H3 and S is a solid contained in a hyperplane of type H; for
both j € {1,2} gives |Hs| -k = |QUQ7|-(¢—1), so k = ¢>. O

Lemma 3.24. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 5.3)
There are exactly %q3(q3 —1)(¢?> — 1) solids with hyperplane-orbit distribution
[0,0,0,q+1].

Proof. Consider a hyperplane H of type Hs. If a solid contained in H is contained
in a hyperplane of type H1, then it is contained in exactly one such hyperplane, by
the classification in Section 3.2, so there are |H1| = ¢® 4+ ¢+ 1 such solids in H. If
a solid in H is not contained in a hyperplane of type H1, then it is contained in ¢
hyperplanes of type Hga for some i € {0,1,2,3}, by Lemma 3.10. Let n; denote the
number of solids contained in H in each case. The total number of solids in PG(5,¢q)

with hyperplane-orbit distribution [0,0,0,¢+ 1] is then equal to

[H3] - no
qg+1

(3.9) ,
so we must calculate ng. The total number of solids in H is N = (¢° —1)/(¢—1), so
>3 oni=N—|H1| =q(¢* +1). Now count the flags (S, H') where S is a solid in H
that is not contained in a hyperplane of type H; and H' is a hyperplane of type Hs.
By Lemma 3.23, we obtain >3, 4-n; = |Ha| — ¢*> = q(¢> +1). In particular, we have
Z?:o n; = Z§:1 1-n; and so ng = nz +2n3. Now, a solid contributing to no belongs to
Qs U0, so ng = (¢—1)|QsUQ1o|/|Hs| = q(¢> — 1). Similarly, a solid contributing
to n3 belongs to Q9 U3, giving ng = (¢ — 2)[Q UQu3|/|Hs| = §a(¢* — 1) (g —2).
Therefore, ng = ng +2ng = %q(q +1)(¢> —1). Putting this into the expression in
(3.9) completes the proof. O

Lemma 3.25. (Alnajjarine, Lavrauw & Popiel , 2022, Lemma 5./)
If S15 € Q5 then Kg,, = C3.

Proof. To prove this, consider the cubic extension P(S15) of the pencil P(Si5),

namely its extension to PG(2,¢>). Since P(S15) contains no singular conics, P(S15)

contains exactly three singular conics (cf. Lemma 3.10), which must be conjugate

under the Frobenius collineation o of PG(2, q3) induced by the automorphism a +— a4

of Fys. In particular, these conics must all correspond to hyperplanes of PG(5,¢°)

of the same type. According to the hyperplane-orbit distributions in Table 3.2,
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the only possibility is that Si5 has type Q9 over F 3. Hence, by Lemma 3.14, the

q
stabiliser G < PGL(3,¢3) of P(S15) is isomorphic to the full permutation group of

the four base points of P(S15). Only one of these base points, call it Q, is F 0
rational, since P(S15) has a unique base point; the other three are conjugate under
o, so we may label them as P, P, P?”. The stabiliser G < PGL(3,q) of P(Si5) is
therefore a subgroup of Gg = Syms. We claim that G induces a group of order 3
on {P, P",P"Q}. If o € G fixes one of these points, say P, but is not the identity,
then it swaps P? and po’ (and fixes @), so P*? = P? and P°“ = P"Q, contradicting
the fact that a commutes with o. Therefore, « is the identity, and so G induces no
transpositions on {P, P",P"Q}. Conversely, consider the element 3 € PGL(3,¢%) in
the stabiliser of P(S15) corresponding to the 3-cycle (P, P?, P"Q). Then  commutes

with o and so belongs to G < PGL(3,q). Hence, G has order 3. O

Remark 3.6. (Alnajjarine, Lavrauw & Popiel , 2022, Remark 5.5)

For reference, we also record a matrix representative g € GL(3,q) for a generator of
Ks,., where S5 is the solid given in (3.8). If ¢ = 2" with n even then we may choose
c=0 and b a non-cube. In this case, g = diag(1,(,(?) where ¢ € Fy is a primitive
third root of unity. If n is odd then all elements of F, are cubes, so ¢ # 0 and we
can instead take ¢ = b after a change of variable A — Veb=TA. In this case,

10

22 94 gn—1

g=10 ¢ b |, where (=b" 40" +---+b" .
0 b (240?

Lemmas 3.24 and 3.25 together imply that there is a unique K-orbit of solids with

hyperplane-orbit distribution [0,0,0,q+ 1], as claimed (by the orbit—stabiliser theo-
rem, since |K| = ¢*(¢®> —1)(¢*> —1)).

3.4 Solids in PG(5,2)

Tables 3.1 and 3.2 are also correct for ¢ = 2, but some of the arguments in Sec-

tions 3.1-3.3 do not apply in this case. For instance, the orbit {2; can no longer be

obtained by considering two pairs of real lines meeting in a point, because a pencil

of conics P(S7) corresponding to a solid S1 € €21 has a unique real line pair over

Fo. Similarly, if Sy € Q9 then P(Sg) no longer contains any nonsingular conics, so

the construction preceding Lemma 3.12 is not valid (but the generators given in
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Table 3.1 are). Moreover, the point- and hyperplane-orbit distributions of Sg now
coincide with those of a solid S4 € €14, but the orbits of these solids can be distin-
guished either by their stabilisers, or by their line-orbit distributions: S4 contains
three lines of type og, while Sg contains none (cf. Remark 3.5). In any case, it is
straightforward to check the correctness of Tables 3.1 and 3.2 for ¢ = 2 either by hand
or via the FinInG package in GAP ( Bamberg, Betten, Cara, De Beule, Lavrauw
& Neunhoffer |, 2018; GAP, 2021). (Note that the descriptions of the stabilisers in
Table 3.2 simplify in the obvious ways when ¢ = 2, i.e. C,_1 is the trivial group,
E,=Cy, and GL(2,¢9) = Dy(g41) = Symyg. Similarly, we necessarily have y=b=c=1
in Table 3.1.)

Remark 3.7. By Remark 2.11, K = PGL(3,q) is not the full setwise stabiliser of
the Veronese surface when q =2. The full stabiliser is Symy, and there are only 7
orbits of solids under this group, namely 21U g, Q2 UQg, Q3UQ5 UL 5, Q4 UQy,
QsUQ11UQ 2, Q7UQy, and Q3. Finally, note that the point-orbit distribution of
a subspace is not an invariant under Symy, since the nucleus plane is not preserved

under the action.

Theorem 3.2. There are 7 J-orbits of solids, where J = Symy is the group stabil-
ising V(F2). In particular, these orbits split under the action of PGL(3,2) into 15

orbits as described in Remark 3.7.

3.5 Comparison with Campbell’s partial classification

Campbell provided a list of 17 “classes” and “sets of classes” of pencils of conics
in PG(2,q), g even (Campbell, 1927). His analysis divided the classes of pencils
into the following sets: pencils with at least one double line (set 1); pencils with no
double lines and at least one real pair of lines (set 2); pencils with no double lines,
no real pairs of lines, and at least one conjugate imaginary pair of lines (set 3); and
pencils with no degenerate (singular) conics (set 4). The correspondence between
our classification and Campbell’s work (Campbell, 1927) is summarised in Table 3.4.
We remark that in the study of his set 3, Campbell claimed that a pencil belonging
to “set 15”7 has three imaginary pairs of lines and ¢ — 2 nonsingular conics. The
non-existence of such a pencil was observed by Saniga (Saniga, 2000) (and also
follows from Table 3.2). Moreover, the existence of the K-orbit {214, whose elements

have hyperplane-orbit distribution [0,0,1,¢], disproves Campbell’s claim (Campbell,
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Class/Set of pencils  Orbit(s) of solids

Class 1 Q3
Class 2 Q5
Class 3 971
Class 4 Qo
Class 5 Q7
Class 6 Qg
Class 7 Qg
Class 8 Q19
Class 9 Qg
Set 10 Qg, ng, 913
Class 11 Q11
Class 12 Q4
Class 13 Qo
Set 14 Q14
Set 15 Ql3
Set 16 Q15
Set 17 Q15

Table 3.4 Correspondence between K-orbits of solids in PG(5,q) and Campbell’s
“classes” and “sets of classes” of pencils of conics in PG(2,q), g even.

1927, p. 405) that there exists no pencil with a unique pair of imaginary conjugate

lines and ¢ nonsingular conics.

Remark 3.8. In Tuble 3.4, the blue colour indicates a completion of the discussion
of Campbell’s sets of classes of pencils, while the red colour indicates a completion
and a correction of Campbell’s sets of classes of pencils. In particular, we proved
that the Set 10 splits into three orbits and each of the Sets 14, 15, 16 and 17 defines
a unique orbit, we corrected as well the hyperplane-orbit distributions of the pencils

in the Sets 14 and 15 as mentioned earlier.
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1< a3< q: < N
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az=q+1:

Figure 3.6 The 15 pencils of conics in PG(2,q), ¢ # 2 even, up to projective equiva-
lence.
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4 PLANES INTERSECTING THE VERONESE SURFACE

NON-TRIVIALLY IN PG(5,9), ¢ EVEN

In this chapter, we present our results from (Alnajjarine & Lavrauw, 2022). In
particular, we classify planes intersecting the Veronese surface in at least one point
in PG(5,¢), q even, under the action of the subgroup K of PGL(6,q) stabilising the
Veronese surface. We compute for each (type of) plane m# C PG(5,¢) its point-orbit
distribution represented by the 4-tuple [ry,ro,,72s,73], where r; is the number of
rank-i points in 7 for i € {1,3}, 7o, is the number of rank-2 points in 7 meeting the
nucleus plane and ry4 is the number of the remaining rank-2 points in 7. In general,
we distinguish between orbits using point-orbit distributions, line-orbit distributions
and inflexion points defined in Chapter 2. Some of the arguments that we use here
come from the classification of planes meeting the Veronese surface non-trivially over
finite fields of odd characteristics (Lavrauw, Popiel & Sheekey, 2020). Note that,
similar to solids’ representations, planes in PG(5,¢q) can be seen as 3 x 3-matrices.
For instance, the plane spanned by the first three points of the standard frame of

PG(5,¢) can be represented by:

x Yy z x Yy z
(4.1) y - =141y 0 0]|:(z,y,2) €PG(24q)
z 0 0

In this chapter, the homogeneous coordinates in PG(2,¢) and PG(5,q) are denoted
by (X,Y,Z) and (Yp,...,Ys) respectively, and Z(f) denotes the zero locus of a form

f.
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Definition 4.1. We define inflexion points of a plane © in PG(5,q) to be inflexion
points of its associated cubic curve in PG(2,q) defined as the determinant of the

matriz representation of .

Remark 4.1. As we will see later, studying cubic curves associated with planes in
PG(5,q) can be useful to differentiate between non-equivalent planes, but it is not
sufficient to completely characterize each orbit. For instance, the representatives of
the orbits g and Yg in Table 4.1 share the same cubic curve Z(X Z?), however the

two orbits are distinct by their intersection with the nucleus plane N .

This chapter is structured as follows. The proof of our main result, Theorem 4.1,
is given in Sections 4.1-4.4. Note that, the case ¢ = 2 requires special treatment,
and is handled in Section 4.5. Finally, we give in Section 4.6 a comparison with the

similar classification over finite fields of odd characteristic.

T
ry >3 ry =2 ry=1
2 orbits 3 ()/'bi/ﬁ/\
7w = (points of rank < 2) 7 # (points of rank < 2)
1 orbit
5 orbits 4 orbits

Figure 4.1 The discussion structure of Chapter 4.

Theorem 4.1. (Alnajjarine & Lavrauw, 2022, Theorem 1.1)

Let q be an even prime power. There are exactly 15 orbits of planes having at least
one rank-1 point in PG(5,q) under the induced action of PGL(3,q) < PGL(6,q)
defined in Section 2.7.1. Representatives of these orbits are given in Table 4.1, the

notation of which is also defined in Section 2.2.3.

Before we start recall the 15 K-orbits of lines in PG(5,¢), ¢ even, from (Lavrauw
& Popiel, 2020), summarized in Table 2.2. The following two lemmas give bounds
on the number of rank-2 points in planes of PG(5,q) meeting V(IF;) in one or two

points.

Lemma 4.1. (Alnajjarine & Lavrauw, 2022, Lemma 2.8)
There is no plane in PG(5,q) with rank distribution [1,0,q*+q].
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Proof. Let (1 be the unique rank-1 point in a plane 7 C PG(5,¢q) having no rank-
2 points. By inspecting point-orbit distributions of lines of PG(5,q) from Table
2.2, we conclude that all lines through @) in 7 must be of type o9. There-
fore, we may assume without loss of generality that m = (Q1,Q2,Q3), where
(©1(1,0,0,0,0,0),0Q2(0,0,1,1,0,0)) is the representative of the line orbit og in
(Lavrauw & Popiel, 2020, Table 2) and Q)3 is a point of rank 3 with homogeneous co-
ordinates (0,a,0,b,c,d); a,b,c,d € F,. As Q3 has rank three, it follows that a,d # 0.
Thus, we may take ()3 as the point (0,1,0,a,b,c) for some a,b,c € F, with ¢ # 0 and

the representative of m becomes

x Yy z
y ay+z by|.
z by oy

The cubic curve associated with 7 has the form XF(Y,Z)+G(Y, Z), where
F(Y,Z)=b*Y?*+acY?+cYZ, G(Y,Z) =aY Z* + Y3+ Z3.

Since F defines a quadric on PG(1,q) where each of its points satisfying F'(Y,Z) #0
corresponds to a point in 7 of rank 2, it follows that F' must be identically zero.

Therefore, b = ¢ =0, a contradiction. O

Lemma 4.2. (Lavrauw, Popiel € Sheekey, 2020, Lemma 4.6)
Every plane w in PG(5,q) with rank distribution [2,79,73] has at least q rank-2 points,
i.e., 19> (.

Proof. Let Q1,Q2 € mNV(F,). Since points on (Q1,Q2) have rank at most 2, it
follows that 7 has at least ¢ — 1 rank-2 points. Assume by way of contradiction that
rg < q. Then, ro = ¢—1, and thus all rank-2 points in 7 lie on the line (Q1,Q2).
Consequently, the cubic curve C' defining points of rank at most 2 in 7 is the triple
line (Q1,Q2). Assume without loss of generality that 7 = (Q1,Q2,Q3) where Q1 =
v(er), Q2 =v(e2) and Q3 is a point of rank 3. Then,

0 a b
Mg, = |a 0 cf,
b ¢ d

for some a,b,c,d € F,. Hence, the cubic curve C' = Z(dXY Z + AXZ? +a?dZ3 +
b2Y Z?) associated with 7 is a triple line. Therefore, ¢ =d = 0, a contradiction with
the rank of ()3 being 3. [
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4.1 Planes containing at least three rank-1 points

Let 7 be a plane in PG(5,q) with at least three rank-1 points. As V(F,) is a cap,
it follows that no three rank-1 points in 7 are collinear. Thus, 7 can be viewed
as ™ = (Q1,Q2,Q3) where Q; = v(g;) for 1 <i<3. We differentiate between the

following two possibilities:

(1) If q1,q2 and g3 are collinear in PG(2,q), then Q1,Q2,Q3 € C(Q1,Q2). As
PGL(3,q) acts transitively on lines in PG(2,q), it follows that planes satisfying
this configuration define a unique K-orbit ¥;. In particular, by taking (q,q2) as

the line (e1,ez) we obtain the following representative

X1y 2

Lemma 4.3. The point-orbit distribution of a plane in X1 is [¢+1,1,¢> —1,0].

Proof. Points of rank one in ¥; correspond to points on the quadric Z(XZ +Y?).
The remaining ¢ points in 31 are of rank two, where only the point parametrized
by (x,y,2z) = (0,1,0) is contained in the nucleus plane N. Therefore, the point-orbit
distribution of a plane in ¥y is [¢+1,1,¢% —1,0]. ]

(13) If q1,q2 and g3 are non-collinear in PG(2,¢), then without loss of generality we
may take g; = (e;) for 1 <i < 3. This gives a new plane orbit ¥ whose representative

1S
i

ZQZ.y

z

and whose uniqueness is guaranteed by the 3-regular action of PGL(3,¢) on points
of PG(2,q).

Lemma 4.4. The point-orbit distribution of a plane in 3o is [3,0,3q—37q2 —2q+1]
and X1 # Yo.

Proof. Points of rank at most two in Yo correspond to points on the cubic curve

Cy = Z(XYZ). The rank-1 points are particularly those with parametrized co-

ordinates (z,y,z) = (1,0,0), (0,1,0) and (0,0,1). The remaining 3¢ — 3 points on
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C5 correspond to rank-2 points in Y9 where none of these is contained in the nu-
cleus plane Z(Y),Y3,Ys). Therefore, the point-orbit distribution of a plane in X9 is
3,0,3¢—3,¢%> —2¢+1] and %1 # ¥y by their distinct point-orbit distributions. [

Remark 4.1. Combining results of Lemma 4.1, Lemma 4.2 and Section 4.1 implies
that every plane in PG(5,q) intersecting the Veronese surface in at least one point
can be represented by m = (Q1,Q2,Q3) where the rank of Q1 and Qo is at most 2.

4.2 Planes containing two rank-1 points

We consider in this section planes of PG(5,q) intersecting the Veronese surface
in exactly two points. Let m be such a plane containing the rank-1 points Q1
and Q2. By Lemma 4.2, there exists a rank-2 point in 7 not lying on the line
(Q1Q2. Hence, we may assume that 7 = (Q1,Q2,Q3) where rank(Q3) =2. Let
U =C(Q1,Q2) NC(Q3) where C(Q1,Q2) and C(Q3) are the two conics associated
with {Q1,Q2} and Q3 respectively (see Section 2.7). We study separately the cases

where U € {Q1,Q2} or U € {Q1,Q2}.

(C(Q1,Q2))

Figure 4.2 Configurations associated with cases (i) and (ii), respectively.

(i) | If U € {Q1,Q2}, then without loss of generality we may assume that U = Q.

Let ¢1, g2 and [3 be the preimages under v of @1, Q2 and C(Q3) respectively. As the
elation group E(q1,{(q1,¢2)), with centre g1 and axis (q1,¢2), acts transitively on the
affine points of PG(2,¢)\ (q1,¢2), it follows that we may fix (q1,¢2) and I3 as (e, e2)
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and (ey,e3) respectively. Hence the points ()1,Q2 can be represented by

100 00 0
Mg, =10 0 0| and Mg,= 1|0 1 0],
00 0 000

respectively. Since 7 contains the line (Q1,Q2), we have two possibilities: (i-a)

Q3 € T, (C(Q3)), or (i-b) @3 € (C(Q3)) \ (C(Q3) UTg, (C(X3)))-

(i—a)| If Q3 € T,(C(Q3)), then 7 is completely determined by (Q1,Q2) and
Ty (C(Qs)) = Z(¥s), where C(Qs) = Z(YyYs +Y2) N Z(¥1,Y3,Ya), leading to a

unique orbit represented by

Eg:.y

Lemma 4.5. The point-orbit distribution of a plane in X3 is [2,1,2¢—2,¢*> —q]. In
particular, Xg & {¥1,32}.

Proof. Let 73 be the above representative of 3. Points of rank at most 2 in 3
correspond to points on the cubic curve C3 = Z(Y Z 2). Among these 2¢+ 1 points,
there are exactly two rank-1 points corresponding to points of Z(Z,XY) and a
unique rank-2 point in N N7y = Z(X,Y) with parametrized coordinates (0,0,1).
Therefore, the point-orbit distribution of a plane in X3 is [2,1,2¢ —2,¢> —¢]. In
particular, 33 & {¥1,3}. O

(i=b)| Assume now that Q3 € (C(Q3)) \ (C(Q3) UTp,(C(Q3))) and let
R3 = v(r3) = (Q1,Q3) NC(Q3). The subgroup in PGL(3,q) stabilising {q1,¢2}

and [3 contains the elation group with center ¢; and axis (q1,¢2), and thus it acts

transitively on points of I3\ {¢1}. Hence, without loss of generality we may also fix
r3. Now , as m = (Q1,Q2,Q3) = (Q1,Q2, R3), it follows that 7 intersects V(IF,;) in

three points, returning us to the already obtained X».

(i) | If U € {Q1,Q2}, then the preimages of these points under v must be collinear
in PG(2,q). Without loss of generality, let g1 = (e1), ¢2 = (e2) and u = (e; +e2). As

E(q1,{q1,q2)) acts transitively on the affine points of PG(2,q)\ (¢1,q2), it follows

that we may fix I3 = v~ 1(C(Q3)) as {e1 +e2,e3). We study separately the following

possibilities of @3 in the conic plane (C(Q3)): (ii-a) Q3 = N(C(Q3))(0,0,1,0,1,0)
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, (10-0) Q3 € Ty (C(Q3)) \{N(C(@3)), U} or (ii-c) Q3 € (C(@3)) \ (C(R3) UTy (C(Q3)))-

(ii—a) | If @3 is the nucleus point N(C(Q3)), then we obtain the orbit represented

Ya: . z| .

Lemma 4.6. The point-orbit distribution of a plane in ¥4 is [2,1,2q— 2,¢% — ql. In
particular, ¥4 & {31,32,33}.

Proof. Let w4 be the above representative of ¥4. Rank-1 points in m4 correspond
to points on Z(XY,Z). Namely, points with parametrized coordinates (1,0,0) and
(0,1,0). The remaining points on the cubic curve Cy = Z(Z?(X +Y)) correspond
to points of rank 2, where only the point parametrized by (0,0,1) lies in 7y NN =
Z(X,Y). Therefore, the point-orbit distribution of a plane in ¥4 is [2,1,2¢—2,¢* — ]
and ¥4 ¢ {¥1,32} by their different point-orbit distributions. Finally, by observing
that Cf3, the cubic curve associated with s, is the union of two lines of type o5 and
06, while Cy is the union of two lines of type o5 and 0122, we can deduce that X3

and >4, which share the same point-orbit distribution, are also distinct.

]

(ii—=b) | If Q3 € Ty (C(Q3)) \ {N(C(Q3)),U}, then without loss of generality we may
assume that Q3 is (a,a,1,a,1,0) for some a € F,\ {0}. It follows that 7, represented
by

Tr+az az z
g az yt+az z

z z

for some a € F,\ {0}, intersects the nucleus plane in a unique point Q5 with
homogeneous coordinates (0,a,1,0,1,0). By considering the two possibilities where
U'=C(Q1,Q2) HC% belongs to {Q1,Q2} or not, we end up in one of the orbits 33

or X4. Hence, this case will not define a new orbit.

(ii—c) | Finally, if Q3 € (C(Q3)) \ (C(Q3) UTy(C(Q3))), then let Ry = v(r3) =
(U,Q3)NC(Q3). The subgroup in PGL(3,q) stabilising {u,q1,¢2} and I3 contains

the elation group with center u and axis (q1,¢2), and thus it acts transitively on

points of I3\ {u}. Hence, without loss of generality we may also fix r3. Now, as
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PGL(3,q) acts sharply transitively on frames in PG(2,q), it follows that the sub-
group stabilising {u,q1,q2,73} pointwise acts transitively on points of I3\ {u,r3}.
This shows that any choice of Q3 as a point on the secant (U, R3) defines the same
orbit. More generally, any choice of a point on (C(Q3)) \ (C(Q3)UTy(C(Q3))) defines

a unique orbit which we denote by 5 and has the representative

for the choice @3 =(0,0,1,0,1,1).

Lemma 4.7. The point-orbit distribution of a plane in s is [2,0,2q —2,¢*> — q+1].
In particular, Y5 & {31,%2,23,24}.

Proof. Let w5 be the above representative of 5. Points of rank at most 2 in =
correspond to points of the cubic curve C5 = Z(XY Z + X Z? +Y Z?), which in-
tersect the nucleus plane N trivially and the Veronese surface V(FF,;) in exactly
two points. Namely, points with parametrized coordinates (1,0,0) and (0,1,0).
Therefore, the point-orbit distribution of a plane in X5 is [2,0,2¢ —2,¢* — ¢+ 1] and
Y5 & {231,%2,%3, %4} u

4.3 Planes containing one rank-1 point and spanned by points of rank

at most 2

We investigate in this section planes of PG(5,q) spanned by points of rank at most
2 and which meet the Veronese surface in exactly one point. Let 7 = (Q1,Q2,Q3)
be such a plane where rank(Q1) =1 and rank(Q2) = rank(Qs) = 2, and consider
the two conics C((Q)2) and C(Q3) associated with Q2 and @3 respectively. Denote by
q1, l2 and l3 the respective preimages of )1, C(Q2) and C(Q3) under the Veronese
embedding. We discuss independently the following possibilities:

(a) 12 = 13,
(b) q1 = 12ml37

(c) q1 €l2\!3, and,
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L ]
or q1 q1
e q1
q1 q1 u u

Y
a

(b) (c) (d)

—~
~—

Figure 4.3 The configurations defined by cases (a), (b), (c¢) and (d) in Section 4.3.

4.3.1 (a) 12 = l3

If I =3, then assume first that g; € lo. In this case, m becomes a conic plane
and thus lies in ;. Assume next that ¢; € lo. As PGL(3,¢q) acts transitively on
antiflags in PG(2,¢) and 7 has a unique rank-1 point, it follows that we may fix (1
and C(Q2) as v({e1)) and v({e2,e3)) respectively, where the line (Q2,Q3) must be
external to C(Q)2). Now, as the group stabilising @)1 and C((Q)2) acts transitively on
external lines to C((Q)2), we obtain a unique orbit of such planes which we label as
Y6. Indeed, we may fix Q2Q3 as the line Z(Y3+cYy+Ys) where Tr(c™1) =1 to get

the following representative

Y1 |. ytecz z|.
z Y

Lemma 4.8. The point-orbit distribution of a plane in Y is [1,0,q+1,¢> —1]. In
particular, X & {X1,%9,23,%4,25}.

Proof. Let mg be the above representative of ¥g. Points of rank at most 2 in 7g
correspond to points on the cubic curve Cg = Z(XY?2+cXY Z+ X Z?). In partic-
ular, points of rank one in 74 correspond to points on Z(XY,XZ, Y2 +cY Z+ Z?).
As Tr(c™1') =1, we obtain a unique rank-1 point parametrized by (1,0,0). The
remaining points on Cg parametrize ¢+ 1 rank-2 points in 7g, where none of these is
contained in the nucleus plane A/. Therefore, the point-orbit distribution of a plane
in g is [1,0,¢+1,¢> — 1], and thus g & {31, 32, X3, %4, X5} ]
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Lemma 4.9. A plane m € X has ¢+ 1 lines in og1 and a unique line in 01p.

Proof. By Lemma 4.8, 7 intersects the nucleus plane trivially and has ¢+ 1 rank-2
points lying on the line (Q2,@3). Therefore, = has a unique line in 019 and each
of the ¢+ 1 lines through the rank-1 point )1 must have ¢ rank-3 points, and thus
belongs to the line-orbit og ;. O

4.3.2 (b) q1=1l2NlI3

If g1 =laNl3, then as the group fixing ¢; in PGL(3,q) acts transitively on lines
passing through it, it follows that we may fix q1, lo and I3 as e, (e1,e2) and (ej,es)
respectively. Furthermore, as 7 contains a unique rank-1 point, it follows that
Q2 € T, (C(Q2)) and Q3 € T, (C(Q3)). Therefore, 7 is completely determined by
Q1, C(Q2) and C(Q3). This yields to a unique K-orbit X7 represented by

Lemma 4.10. The point-orbit distribution of a plane in X7 is [1,q+1,¢*> —1,0]. In
particular, X7 & {¥X1,32,%3,%4,5, 56}

Proof. 1t follows from the above representative that points of ¥y have rank at
most two. Particularly, ¥7 has a unique rank-1 point obtained for y = 2 =0 and
¢+ 1 points in the nucleus plane parametrized by {(0,y,2) : y,z € Fy; (y,2) # (0,0)}.
Therefore, the point-orbit distribution of a plane in X7 is [1,q+ 1,¢%— 1,0]. More-
over, by comparing this property with the previous orbits, we conclude that
Yo & {¥X1,%2,%3,54, 55,56} O

4.3.3 (C) q1 € lg\lg

If ¢1 € la\ 13, then without loss of generality we may consider U = v(u) =
C(Q2)NC(Q3) and Q1 = v(q1) as v({e2)) and v({e1)) respectively. The elation
group E(u,{u,q1)) acts transitively on the affine points of PG(2,q) \ l2, and thus
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we may also fix I3 as (eg,e3). Since 7 has a unique rank-1 point, it follows
that Q2 lies on the tangent line Ty, (C(Q2)). We next consider the following
possibilities: (c-i) Q3 = N(C(Q3)), (c-ii) Q3 € Ty(C(Q3)) \ {N(C(Q3)),U} and
(c-iid) Q3 € (C(Q3)) \ (C(Q3) U Ty (C(@3)))-

(c—i) |If Q3 is the nucleus point N (C(Q3)), then m = (T, (C(Q2)),@3), which defines

a new orbit represented by

Lemma 4.11. The point-orbit distribution of a plane in ¥g is [1,q+1,¢—1,¢*> —q].
In particular, g & {31,%2,%3, 24, X5, 26, 27 }-

Proof. Points of rank at most 2 in g correspond to points on the cubic curve
Cs = Z(XZ?). Among these 2¢+ 1 points, there is a unique rank-1 point ly-
ing on CgN Z(Y,Z) and ¢+ 1 points in the nucleus plane lying on CgN Z(X).
Therefore, the point-orbit distribution of a plane in ¥g is [1,¢+1,¢—1,¢> —q] and
Y & {X1,%92,23,%4,%5,%6, 27} by their distinct point-orbit distributions. O

(c—ii)| Assume now that Q3 € Ty (C(Q3)) \ {N(C(Q3)),U}. The subgroup of
PGL(3,q) fixing {¢1,u} and I3 contains the elation group F(u,(u,q1)), and thus

it acts transitively on points of I3\ {u}. Therefore, any different choice of Q% as a
point on Ty (C(Q3)) \{N(C(Q3)),U,Qs} defines the same orbit, X9. Without loss of

generality, we may choose (3 as (0,0,0,1,1,0) to obtain the following representative

Yo:ly z z|.

Lemma 4.12. The point-orbit distribution of a plane in X9 is [1,1,2¢—1,¢> —q].
In particular, X9 & {31,32,%3,%4, 35,56, X7, Xs}.

Proof. Similar to case Xg, points of rank at most 2 in g correspond to points
on the cubic curve Cy = Z(XZ?). In particular, X9 has a unique rank-1 point
parametrized by (1,0,0) and a unique rank-2 point in N parametrized by (0,1,0).
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Therefore, the point-orbit distribution of a plane in Yg is [1,1,2¢ —1,¢*> — ¢|, and
thus g & {31, 32, %3, ¥4, 5,36, 27, X8} [

Remark 4.2. The two planes T and w9 define the same cubic curve Z(XZ?),

however they are not K -equivalent.

(c—iii) | Finally, assume that Q3 € (C(@3)) \ (C(Q3) UTy(C(Q3))). The subgroup
in PGL(3,¢q) stabilising {u,q;} and l3 contains the elation group with center u and

axis (u,q1), and thus it acts transitively on points of I3\ {u}. Hence, without loss
of generality we may fix R3 = v(r3) = (U,Q3) NC(Q3) as the point v({e3)). Now,
as PGL(3,q) acts sharply transitively on frames in PG(2,q), it follows that the
subgroup stabilising {u,q1,73} pointwise acts transitively on points of I3\ {u,r3}.
This shows that any other choice of a point Q% # Q3 on the secant (U, R3) defines the
same orbit. More generally, any choice of a point on (C(Q3)) \ (C(Q3)UTy(C(Q3)))

defines a unique K-orbit which we call 319 and represent by

x
Z10 Yy o2
2
for the choice Q3 = (0,0,0,1,0,1).
(C(Q2))
o4 Q1
Q
Q3 (C(Q3))

Figure 4.4 The configuration defined in case (c-iii), Section 4.3.3.

Lemma 4.13. The point-orbit distribution of a plane in X1g is [1,1,2¢ —1,¢*> —q].
In particular, ¥10 & {X1,32,%3,34, X5, X6, X7, X8, X0 |-

Proof. Let w19 be the above representative of ¥1g. Points of rank at most 2 in g
correspond to the 2¢+ 1 points on the cubic curve C1g = Z(X Z2+Y?2Z). In partic-

ular, 719 has a unique rank-1 point parametrized by (1,0,0) and a unique point lying
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on w190 NN = Z(X, Z) parametrized by (0,1,0). Therefore, the point-orbit distribu-
tion of a plane in X1q is [1,1,2¢—1,¢% — ¢] and 10 € {21,392, 83,24, 35, X6, X7, B
by their distinct point-orbit distributions. It remains to show that g # 319. But
this follows immediately by observing that Cy is the union of two lines of type og
and 012 2, while Cig is the union of a nonsingular conic and one of its tangent lines

(which is a line of type og). O

4.3.4 (d) q1 €1laUls

Finally, assume that ¢1 ¢ loUl3 and let U = v(u) = C(Q2) NC(Q3). We study sep-
arately the following cases: (d-i) NN # 0 and (d-ii) 7NN = (), where N is the

nucleus plane.

4.3.4.1 (d-i) TON #0)

As 7 intersects the nucleus plane non-trivially, we may assume that Q2 = N(C(Q2)).
The line joining ()2 and the unique rank-1 point ()1 is either of type og or og2
by Table 2.2. As lines of type og in PG(5,q) are tangent lines to conics in V(F,),
it follows that (Q)1,Q)2) € 0g2. Hence, without loss of generality, we may start by
fixing u, ¢1 and ro as (e1), (ea+e3), (e2) respectively and consider Iz as v~ 1(C(Q2)) =
(e1,e2). The group fixing {u,q1,r2} acts transitively on points of PG(2,¢) not lying
on the triangle defined by {u,q1,72}, and thus we may fix I3 = v~ 1(C(Q3)) as {e1,e1 +
e3). Let rg = (q1,r2) Nl3 and define R; as v(r;) for i =2,3. The subgroup of
PGL(3,q) stabilising {u,q1,72,l3} is induced by the elation group of centre u and
axis (u,q1), and acts on (C(Q3)) as the stabiliser of C(Q3) and the two points U
and R3. If Q3 = N(C(Q3)), then 7 contains the point (0,1,1,0,0,0) which is the
nucleus of the conic defined by v({¢i,u)). Hence, 7 = (Q1,N(C(U,Q1)),Q3) and
it is completely determined by Tp, (C(U,Q1)) and Q3. Thus, this case returns us
to the already obtained Xg. Assume next that Q3 € Ty (C(Q3)) \{N(C(Q3)),U}.
As the group stabilising {u,q1,72,l3} acts on (C(Q3)) as the stabiliser of C(Q3)
and the two points U and Rs, it follows that any other choice of a point Q5 on
Ty (C(Q3)) \{N(C(Q3)),U,Q3} defines the same orbit. Therefore, we may choose
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()3 as the point (1,0,1,0,0,0) to obtain the orbit represented by

T Yy x
y z zZ|.

r Z Z

This case will not define a new orbit as 7 intersects the Veronese surface in two
points, namely (1,0,0,0,0,0) and (1,0,1,1,1,0), implying that = € {¥3,34,%5}. It
remains to consider the case where @3 € (C(Q3)) \ Ty (C(Q3)). Similar to the previous
argument, we may assume without loss of generality that (3 is (1,0,0,0,0,1). This

gives a unique new orbit 17 represented by

r y
2111 y z z
Z Ttz
(€(Q2))
R>

Q2 .Ql

Q
Q5 (C(Q3))

Figure 4.5 The configuration defining ;.

Lemma 4.14. The point-orbit distribution of a plane in Y11 is [1,1,¢—1,¢%]. In
particular, ¥11 € {¥1, 2, 33,34, X5, Y6, X7, X8, X9, 210} -

Proof. Let 711 be the above representative of ¥1;. Points of rank at most 2 in 711 cor-
respond to points on the cubic curve C1; = Z(X?Z+XY?4+Y?Z). Particularly, 71
has a unique rank-1 point and a unique rank-2 point lying on N'N7; = Z(X, Z) with
parametrized coordinates (0,0,1) and (0, 1,0) respectively. Therefore, the point-orbit
distribution of a plane in 7 is [1,1,¢—1, q2] and Y17 is distinct from the previously
defined orbits by their point-orbit distributions. O]
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4.3.4.2 (d-ii) TNN =0

Assume now that 7 intersects the nucleus plane trivially, where the unique rank-1
point (7 is not lying on C(Q2) UC(Q3). We begin with an essential lemma that
gives a correspondence between types of lines spanned by two rank-2 points in
PG(5,q) and their associated configurations defined by {C(Q2),C(®3),U}, where

C(Qz) #* C(Qg) and U = C(Qg) ﬂC(Qg)

Lemma 4.15. Let L be a line in PG(5,q) intersecting the nucleus plane trivially and
spanned by two rank-2 points R and S, where C(R) # C(S). Then, L € {013.2,014}.
Furthermore, L € 0132 if and only if R € Ty (C(R)) and S ¢ Ty (C(S)), and L € 014 if
and only if R¢ Ty (C(R)) and S € Ty (C(S)), where V-=C(R)NC(S). In particular,
if L € 014, then the preimage under the Veronese embedding of the three conics

associated with rank-2 points on L define a triangle in PG(2,q).

Proof. The hyperplane spanned by C(R) and C(S) intersects V(F,) in C(R)UC(S),
and thus L has no rank-1 points. It follows that L € {010,0132,014} by Table
2.2. Since a line of type ojg lies in a conic plane and C(R) # C(S), we conclude
that L € {013.2,014}. Let Li32 and L14 be the representatives of 0132 and o014 in
(Lavrauw & Popiel, 2020, Table 2). The line L3 2 has two rank-2 points with homo-
geneous coordinates {(0,1,0,1,0,0),(0,0,0,1,0,1)} and the line L4 has three rank-
2 points defined as {F;(1,0,0,1,0,0), P(0,0,0,1,0,1),P3(1,0,0,0,0,1)}. By a di-
rect computation, we have (0,1,0,1,0,0) € Ty (C((0,1,0,1,0,0))) and (0,0,0,1,0,1) &
Ty (C((0,0,0,1,0,1))) where V =r(ez). A similar computation shows that the three

conics associated with P;, 1 <1 <3;

C(P) = Z(YoY3+ Y2, Ya,Yy, Ys),
C(P) = Z(Y3Ys+ Y, Y0, Y1,Y2),
C(P3) = Z(YoYs+Y$,Y1,Y3,Yy);

intersect pairwise in V € {U;2(0,0,0,1,0,0),U13(1,0,0,0,0,0),Us3(0,0,0,0,0,1)},
where each pair (F;,P;), i < j, has both of its points not lying on the tangent
of their conics through Uj;. [

Remark 4.2. By inspecting point-orbit distributions of lines in PG(5,q), we can
see that (Q1,Qq) € 0g1 fori=2,3. Moreover, Lemma 4.15 implies that (Q2,Q3) €
{013.2,014}, where: (Q2,Q3) € o132 if and only if Q2 € Ty(C(Q2)) and Q3 &
Tu(C(Q3)), and (Q2,Q3) € 014 if and only if Q2 & Ty (C(Q2)) and Q3 Ty (C(Q3)).
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Next, we consider the two possibilities where 7 can be represented by (Q1,Q2,Q3)
where the unique rank-1 point @ is not lying on C(Q2)UC(Q3) such that: (d-ii-

A) (Q2,Q3) € 0132 or (d-ii-B) (Q2,Q3) & 0132, i.e, ™ has no line of type 0132 and
(Q2,Q3) € 014 by Lemma 4.15.

(d—ii—A) | Let 7 = (Q1,Q2,Q3) where the unique rank-1 point Q) is not lying on
C(Q2)UC(Q3), TNN =0 and (Q2,Q3) € 0132. Without loss of generality, take
(Q2,Q3) as the representative of 0132 in (Lavrauw & Popiel, 2020, Table 2), and let
(1 be a point with homogeneous coordinates v(a,b,c). As L; = (Q1,Q;) € o1 for

1= 2,3, it follows that L; has a unique rank-1 point and a unique rank-2 point not
contained in the nucleus plane, and thus a,c # 0. Therefore, © can be represented
by

x br +y cx
The: |bx+y Ve+y+z bex |,
cx bex Ar+z
which is K-equivalent to
x Yy cr
Te: |y y+z
cx . Ar+z
100
for the choice of X as |b 1 0| with X7 . XT = Thc-
0 01

Before proceeding with the study of planes of the form 7., ¢ # 0, recall the definition
and the characterisation of inflexion points in Definition 2.2 and Lemma 2.1. Note
that, for fields of characteristic different from two, inflexion points are points of
the intersection of the cubic with the classical Hessian (the determinant of the 3 x 3
matrix of second derivatives), which is zero over fields of characteristic 2. For further
details about inflexion points over characteristic two finite fields, we refer to (Glynn,

1998).

Lemma 4.16. A plane 7w, with ¢ # 0 has
o three inflexion points if and only if ¢ # 4, Tr(c) =Tr(1) and ¢! is admissible.
o one inflexion point if and only if Tr(c) # Tr(1).

e no inflexion points if and only if Tr(c) = Tr(1) and ¢! is not admissible.

Proof. Let C'= Z(f) be the cubic curve associated with 7, defined by f = X(Z?+
YZ4c?Y?)+Y?Z. By Lemma 2.1, inflexion points of C' correspond to nonsingu-
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lar points of CNC", where C" = Z(f") and f" = X(Z?+YZ+ Y2+ 234+ (1 +
Y27 +c*Y3. The points in CNC” therefore satisfy the equation:

(4.2) By Z+2Y3 =0,

The affine points (X,1,7) in 7.\ Z(Y") satisfy

(4.3) Pyl Z 4 =0.

Let § = ¢~ Z, then inflexion points of C' correspond to solutions of
(4.4) 0> +0+c =0,

where (4.4) has three solutions if and only if ¢ # 4, Tr(c) = Tr(1) and ¢! is admis-
sible, a unique solution if and only if Tr(c) # Tr(1), and no solution if and only if
Tr(c)=Tr(1) and ¢! is not admissible (see Lemma 2.19). O

Lemma 4.17. Let q=2", h > 1. There exist ¢y and c1 in F,\ {0} such that m., has
no inflexion points and ., has a unique inflexion point. Moreover, if h > 2, then

there exists c3 € F,\ {0} such that me, has three inflexion points.

Proof. This is a consequence of having exactly Lq%?j admissible scalars in F,\ {0},
q # 4 (Berlekamp, Rumsey & Solomon, 1966, Lemma 1), and by noting that T'r is
a 4-to-1 map. O

Remark 4.3. Let ¢=2", h > 1. Lemma 4.17 implies the existence of at least three
K -orbits of planes of the form m., when h > 2, and at least two K -orbits of planes

of the form w., when h =2. In particular, we denote by

o Y19 the union of K -orbits of planes represented by 7. where Tr(c) =1 and ¢~*

s not admissible if h is odd.

o Y13 the union of K-orbits of planes represented by m. where Tr(c) =0 and ¢!

is not admissible if h is even.

o Y14 the union of K-orbits of planes represented by m. where h > 2, Tr(c) =

Tr(1) and c¢=' is admissible.

Lemma 4.18. For ¢ =2" > 4, inflexion points of planes in Y14 are collinear. Fur-
thermore, there exists a one-to-one correspondence between planes in Y14 and lines

in 014 being their inflexion lines.
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Proof. Consider 7. as the plane defined in Section 4.3.4.2, where ¢ is an admissible

scalar in Fy\ {0}. By Lemma 1 in (Berlekamp, Rumsey & Solomon, 1966), inflexion

points of 7. are the points parametrized by (m, 1,z) where
_ v(l+v+ov1)? v (1 +v4oh)?
z:1+v+vl2,z: , B3 = )
1= ) 2 v+ov1 3 v+ov1

and v € Fy \ F4. In particular, these points are collinear lying on the line L, with

parametrized dual coordinates

(0o ) (L +v+oTh)2 (v o™ (Lo, (v+v )+ ((7;11;_11))44+ (v +v7?)2

).

We call L, an inflexion line. As rank-2 points in planes in X4 define distinct conic
planes, it follows by Table 2.2 that L, € 014. We prove next that no two planes
in »14 have the same inflexion line L. Without loss of generality, we may start by
fixing L as the representative of 014 in (Lavrauw & Popiel, 2020, Table 2). More
precisely, let F; = (1,0,0,1,0,0), E5 =(0,0,0,1,0,1), and E3 = (1,0,0,0,0,1) be the
three inflexion points on L parametrised by (0,1,0), (0,0,1) and (0,1, 1) respectively,
and consider Qg p . = v(a,b,c) as a point on V(IFy). If 7,4 . = (L,Qqp ) is a plane of
type Y14, then (Qqpc, Ei) € 081, 1 <i < 3. This implies that a,b,c # 0. Therefore,
we may assume without loss of generality that a =1, Qg p . = Qb and g = Tp ¢,

where
r+y bz cr

Tpe= | bx b2x+y+z bcx

cT bex Ar+z

The cubic curve Cj . associated with m, . is defined by
(4.5) X224+ XY 4 Y2 Z4+Y 22+ (1402 + )XY Z =0.

If 14+b+c=0, then m, intersects the nucleus plane A in a unique point
parametrised by (1,1,1+4b%), a contradiction as planes in ¥14 have no intersection
with the nucleus plane. Therefore, we may assume that 14+b+c# 0. By Lemma
2.1, inflexion points of 7, . are nonsingular points of Gy, .NCy,, where Cf .= Z(hy ),
a=(1+b%*+c?) and

hpe =P’ XY +0° X Z2 + A (14+0%)aY? + a((1+0*) + o’ (b* + )Y 7+

(4.6) 2072 . 2y, 3 2\\y/2 2 2\ 3
a(c?(b"+c)+a(1+b)Y*Z+ (b + ) aZ”.
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Imposing the conditions: E; € C}

7C’

1 <17 <3, implies that

(4.7)
FA+)a+a((1+D)+a30*+ )+ (PP +A) +a3(1+0) + (P +P)a =
A1+ a=
(b*+c*a=0.

As a,c # 0, we get b=c=1. Therefore, every line in 014 is the inflexion line of a
unique plane in Y14, and thus we obtain a one-to-one correspondence between the

set of planes in Y14 and the set of lines in 014 being their inflexion lines. O
Lemma 4.19. For ¢ =2" >4, planes in L14 define a unique K -orbit.

Proof. Consider the plane

rT+y T T
T, = T rT+y+=z x ,
x x x4z

defined in Lemma 4.18. The stabiliser of 71 in K, denoted by K is the
intersection of the two subgroups of K stabilising the unique rank-1 point @
and the inflexion line L, ie, Kr , = KgNKy. By (Lavrauw & Popiel, 2020),

we have K7 = Symgs, being the group represented by the six 3 X 3 permutation

1,10

matrices. Moreover, a matrix g = (g;;) € GL(3,q) stabilises @ if and only if
911 + 912+ 913 = 921 + 922 + 923 = g31 + g32 + g33. Therefore, Ko = E2 x GL(2,q),
and thus Kr,, = Symg. Additionally, as the set ¥14 has [K|/6 planes by Lemma
4.18, it follows that ¥4 is equal to the K-orbit of 711 in PG(5,q). Therefore, planes
in ¥14 define a unique K-orbit represented by 7y 1. ]

Remark 4.3. In the next lemmas, the notations (Oi)qj and (El‘)qj, 1<75<3, are
used to denote orbits of lines and planes considered over Fy, F o and F 3 respectively.
Furthermore, if L and 7 are a line and a plane in PG(5,q), then we denote by L(Fys)

and w(Fys), s € {2,3}, their extensions over Fp2 and F 3 respectively.

Lemma 4.20. For ¢ = 2" > 2, where h is even, planes in Y13 define a unique
K-orbit with one inflexion point, and planes in 313 define a unique K-orbit with
no inflexion points. Furthermore, there exists a one-to-one correspondence between

planes in Y12 (resp. X13) and lines in o15 (resp. o,,).

Proof. The uniqueness of (X12), and (213)4 can be deduced from the uniqueness of

(X14)¢ by expanding to the quadratic and the cubic extensions of ;. Recall that
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(X12)q and (X13), are the union of orbits represented by 7., and ., respectively,
where c1,co #0, Tr(c1) =1 and Tr(co) = 0. If h is even, then (312), has a unique
inflexion point while (¥13), has none. By expanding ., to Fp and m, to Fs,
we obtain two planes 7., (F,2) C PG(5,¢%) and 7, (Fps) C PG(5,q%) of type (X14)4s,
s € {2,3}, where each plane is uniquely determined by an inflexion line of type
(014)¢, s € {2,3}, say L1(Fp2) and Lo(F3). Let o1 (resp. op) be the Frobenius
collineation of PG(5,¢?) (resp. PG(5,¢%)) induced by the automorphism x ~ 4

of Fpo (resp. F3). As 7 (F,2) has a unique Fy-rational and two F 2-conjugate

inflexion points, while (Fqg) has three [ 3-conjugate inflexion pointqs, it follows
that Ly = e N L1(Fp2) € (015)q and Lo = e, N Lo(F3) € (017)g- Note that, Ly
cannot be of type o162 as the representative of this orbit in (Lavrauw & Popiel,
2020, Table 2) is spanned by (0,0,1,1,0,0) and (0,0,0,0,1,1), which generate a line
of type o16,2 over ]qu. Therefore, L1 and Lo are uniquely determined in 7., and 7,
respectively. Moreover, these lines uniquely determine the planes 7., and 7., as their
extension define a unique inflexion line in (014)4s, s € {2,3}. Hence, there exists a
one-to-one correspondence between planes in (X12), (resp. (£13),) and lines in (015),
(resp. (017)q). This yields to |K|/2 planes in (312), and |K|/3 planes in (X3), by
(Lavrauw & Popiel, 2020). On the other hand, let Kz, and Kp, be the stabilisers
in K of 7., and L; respectively, ¢ € {0,1}, and consider K¢ as the stabiliser of the
unique rank-1 point () defined in Lemma 4.19. Then, Kz, = Kr,NKq, i€ {0,1}.
Indeed, the description of stabilisers of lines of types (015)4 and (017)4 from (Lavrauw
& Popiel, 2020), implies that Kz, = C2and Kz, = Cs. Therefore, each of 319 and

Y13 defines a unique K-orbit over Fyu, h is even. n

Lemma 4.21. For g=2">2, where h is odd, planes in ©1o define a unique K -orbit
with no inflexion points, and planes in X13 define a unique K -orbit with one inflexion
point. Furthermore, there exists a one-to-one correspondence between planes in 1o

(resp. ¥13) and lines in o7 (resp. o1s).

Proof. Follows by a similar proof to that of Lemma 4.20. O
Lemma 4.22. Point-orbit distributions of planes in 312, 13 and X214 are given by
[1,0,q+1,¢>—1], [1,0,g—1,¢*>+1] and [1,0,qF 1,¢q*> £ 1], respectively. In particular,
these orbits are distinct from each other and from the previously defined orbits 33;,
1< <11,

Proof. Consider the cubic curve associated with %;, i € {12,13,14}, defined by

(4.8) X(Z24+YZ+AY?)+Y2Z =0.
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If Tr(c) =1 (resp. Tr(c)=0), then X2 (resp. ¥13) has ¢+ 1 (resp. ¢) rank-2 points

parametrized by

2z
2’y7 2)'

4.9 —_
(4.9) (zz+yz~|—02y

Furthermore, depending on the T'r(c), being 0 if h is even or 1 if h is odd, the
orbit 14 has either ¢ — 1 or ¢+ 1 rank-2 points. Therefore, point-orbit distributions
of planes in Y1, Y13 and 14 are given by [1,0,¢+1,¢%> —1], [1,0,¢ —1,¢*> 4+ 1] and
[1,0,¢F 1,q* £ 1] respectively. Note that, the orbits {¥19, %13, %14} are distinct from
each other by their inflexion points (see Lemma 4.17 and Remark 4.3), and from the
previously defined orbits by their point-orbit distributions. Indeed, ¥g & {¥12,%14}
as some rank-2 points of g define the same conic plane, while all rank-2 points of

Y12 and X4 define distinct conic planes. O

(d—ii—B) | Finally, assume that 7 = (Q1,Q2,Q3), where TNAN = (), Q1 is not lying on
C(Q2)UC(Q3) and Q2,Q3 are both not lying on the tangent of their conics through
U=C(Q2)NC(Q3). Indeed, provided that ¢ > 2, we prove the existence of such
planes if and only if ¢ = 4. Without loss of generality, let ¢; = (e1), u = (e3), lo =
Z(Xp) and I3 = Z(Xo+ X1), where (Xo, X1,X2) are the homogeneous coordinates
inm, Q1 =v(q1), U=v(u), C(Q2) = v(lz) and C(Q3) = v(l3). Furthermore, let
Ry =v(r) and R3 = v(r3) denote C(Q2) N (U,Q2) and C(Q3)N(U,Q3) respectively.
We have two possibilities, either r3 = (q1,r2) Nlg or r3 # (q1,72) Nl3. In the first

case, we may fix r3 as e; + eg, and thus 7 can be represented by

r+z z
z y+z . )
by + cz

for some b,c € F,, where Q2 = (0,0,0,1,0,b) and Q3 = (1,1,0,1,0,¢). This case will
not define a new orbit, since for any point (z,y,2z) on the line Z(bY + ¢Z), we
obtain @) € (Q2,Q3) where Q1 € C(Q), returning us to Case 4.3.3. Therefore, we
may assume without loss of generality that rg # (q1,72) Nl3. Let 13 = (e1 +e2+e3).
Then, Q2 = (0,0,0,1,0,b) and Q3 = (1,1,1,1,1,¢) for some b,c in F,. It follows that

7 can be represented by

r+z z z
The = z Y+ =z z ,

z z  by+cz
where b(c—1) # 0 as the rank of Q2,Q3 is 2.
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Lemma 4.23. If m, . ¢ %;, 1 <i <14 and b(c—1) #0, then m, . has ¢£1 rank-2

points.

Proof. The cubic curve (. associated with m, . is defined by

(4.10) X[V, Z) 4 gpe(Y, Z) =0,
where

(4.11) [V, Z)=bY2+ (b+ )Y Z+ (14¢) 722,
and

(4.12) 9oV, Z) =bY2Z +(1+c)Y Z2,

and thus m, . has ¢+ 1, ¢ or ¢ —1 rank-2 points depending on points of Z(f;.) on
PG(1,q) being zero, one or two respectively. By Remark 4.2, any line in 7, . passing
through two rank-2 points must belong to o14. Therefore, fixing a rank-2 point
Q) € m. and considering all lines spanned by @ and the remaining rank-2 points
in 7. gives a pair partition of the set of rank-2 points in m, .\ {Q}. Hence, the
number of rank-2 points in 7, . is odd. More precisely, m, . has ¢+ 1 rank-2 points
if Z(fp) has no points in PG(1,¢) and ¢ —1 rank-2 points if Z( f ) has two points
in PG(1,q). O

Lemma 4.24. Ifm, ¢ %;, 1 <i <14 and b(c—1) #0, then q=4.
Proof. By Lemma 4.23, the cubic curve associated with 7, . is defined by
(4.13) XY, Z2)+gp(Y,Z) =0,

where fj, . and g are as defined in (4.11) and (4.12) respectively. As f . has 0 or
2 points on PG(1,q), it follows that b # c¢. Consider the line L of 7, . parametrized
by (x,y,z) where x = z. Since @)1 is not lying on L, it follows that L is of type 014,
015 or 0162, by Remark 4.2 and Table 2.2. More specifically, L has either 3 points
of rank 2 or a unique point of rank 2. In particular, rank-2 points on L satisfy the

equation
(4.14) X?((14+¢)X +(1+Db)b) =0,

which has exactly two solutions unless b = 1. Similarly, we can consider the line L’

parametrized by (x,y, z) where y = z. This line has no rank-1 points and has exactly
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two rank-2 points satisfying
(4.15) X%(X +¢Y) =0,

unless ¢ = 0. Therefore, b =1, ¢ =0 and 7 reduces to 7 o, which has ¢+1 rank-2
points if n is odd and ¢ — 1 rank-2 points if n is even. By Lemma 2.1, the Hessian

of C1,0 defined by
(4.16) ZX(Y*H+YZ+ZH+Y3+YZ? 4+ ZY?),

intersects C1 o in three collinear points lying on the line L” parametrized by (x,y, 2);
x=1y. Since Q1 ¢ L” and the configuration of 71 o coincides with the second con-
figuration of X14 described in Lemma 4.18, it follows that for ¢ > 4, 7m0 € X14.
Therefore, m1 ¢ defines a new orbit if and only if ¢ = 4. O

We denote this orbit by ¥, which can be represented by

T+ z z A
Y4l oz y+z z|.

z z Y

Remark 4.4. Lemma /.24 shows that every plane m = (Q1,Q2,Q3) in PG(5,q),
q=2" >4, containing a unique rank-1 point Q1, where Q1 & C(Q2) UC(Q3) and
7NN =10, must belong to {312,%13,%14}.

Lemma 4.25. The point-orbit distribution of a plane in ¥}, is [1,0,3,17]. In par-
ticular, ¥4 & {¥1,%2,%3, %4, Y5, %6, X7, 58, ¥o, 10, X12, 13}

Proof. The first part is treated in the proof of Lemma 4.24. The second part follows
from the difference of point-orbit distributions between ¥}, and 3;; 1 <i <12 and
the property that 3, has three inflexion points by Lemma 4.24 while 13 has none
(see Lemma 4.17 and Remark 4.3). O

4.4 Planes containing one rank-1 point and not spanned by points of
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rank at most 2

Let m be a plane containing a unique point @1 of V(F,) and not spanned by points
of rank at most 2. Then, all rank-2 points in 7 through )1 must lie on a unique
line (such points exist by Lemma 4.1) and each of the remaining ¢ lines through
(1 must have ¢ rank-3 points, and thus belongs to the line-orbit og by (Lavrauw
& Popiel, 2020). Without loss of generality, let m = (Q1,Q2,Q3) where (Q1,Q3) is
the representative of og in (Lavrauw & Popiel, 2020, Table 2). In particular, take
?©1(1,0,0,0,0,0), @3(0,0,1,1,0,0) and @Q2(0,1,0,a,b,c) for some a,b,c € Fy, then m

can be represented by

x Y z
y ay+z by|.
z by cy

Since points of rank at most two in 7 lie on a line, it follows that the cubic curve
C=Z(X*Y2+acY?+cY Z)+aY Z2 +cY3+ Z3) associated with 7 is a triple line.
Hence, a = b= ¢ =0 and the equation of C reduces to Z2 = 0. This gives a unique
orbit of planes intersecting the Veronese surface in one point and not spanned by
points of rank at most two. We denote this orbit by 35, which can be represented
by

Y15t |y 2

Lemma 4.26. The point-orbit distribution of a plane in Y15 is [1,1,¢—1,¢%]. In
particular, 315 # 3; for 1 <i<14.

Proof. Clearly, Y15 # %;, for all 1 <¢ <14, as Y15 is not spanned by points of rank at
most 2. Let m5 be the above representative of ¥15. Points of rank at most 2 in 75
correspond to points on the line (Q1,Q2), where only the point with homogeneous
coordinates (0,1,0,0,0,0) is contained in the nucleus plane which intersects 5
in Z(X,Z). Therefore, the point-orbit distribution of a plane in Y5 is [1,1,q —
1,¢%. O

4.5 Planes in PG(5,2)
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Table 4.1 is not completely correct under the action of PGL(3,2). In particular, the
orbits X1,...,212 can be obtained analogously. However, the orbit 313 does not exist
for ¢ = 2. Furthermore, ¥}, can no be longer obtained by considering the span of a
rank-1 point and a line of type o014 as described in Section 4.4 as no such line exists
in this case. More interestingly, planes meeting the Veronese surface non-trivially
and not spanned by points of rank at most 2 split under the action of PGL(3,2)
into ¥15 and X5 which is represented by

Remark 4.4. Over the field of two elements, the full setwise stabiliser of the
Veronese surface is Symy (see Remark 2.11) which strictly contains PGL(3,2) and
does not preserve the nucleus plane. Therefore, under this action the number of or-
bits reduces to 5. Precisely, we have Y1 =Yg, X3 =234 = X5, 26 = 210, 27 = 29 = 212
and Yg = X171 = Xy = Y15 = X5, which is easy to check by hand computations or
by using the FinInG package in GAP (Bamberg, Betten, Cara, De Beule, Lavrauw
& Neunhoffe, 2018; GAP, 2021).

Theorem 4.2. There are 5 J-orbits of planes meeting V(F2) is at least one point,
where J = Symy is the group stabilising V(F2). In particular, these orbits split under
the action of PGL(3,2) into 15 orbits as described in Remark 4.4.

4.6 Comparison with the ¢ odd case

Over finite fields of odd characteristic, there exists a polarity of PG(5,¢) that maps
the set of conic planes of V(IF;) onto the set of tangent planes of V(F,). This is The-
orem 4.25. in (Hirschfeld & Thas, 1991), which allows the correspondence between
rank-1 nets of conics in PG(2,¢), namely, nets with at least one double line, and
planes in PG(5,¢) meeting V(IF;) in at least one point, ¢ odd. This correspondence
fails over finite fields of characteristic 2. For instance, let mg be the representative
of ¥¢ defined in Table 4.1. Then, mg meets V(F,) in a unique point, however its
associated net of conics Ny defined by

(4.17) aXo X1+ BXo Xy +v(X7 +eX1 Xo+ X5) =0
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has by Lemma 2.2 ¢+ 1 pairs of real lines defined by the pencil of type €4
Z(XoX1,X0X2),
and a unique pair of conjugate imaginary lines given by
Z(X?+cX1 X0+ X3).

Therefore, the hyperplane-orbit distribution of 7g is [0,¢+ 1, 1,¢° — 1], and X has

no double lines. In other words, Nj is not a rank-1 net of conics.

Corollary 4.1. Rank-1 nets of conics in PG(2,q) do not correspond to planes having
at least one rank-1 point in PG(5,q) for q even.
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K-orbits of planes Representatives Point-OD Conditions
r y
E1 y =z [q+1117q2_170]
S _
) y o [3,0,3¢—3,¢%> —2q+1]
. Z_
[z . 2]
E3 . Yy [2a132q727q27q]
_Z -
[z . 2
E4 Yy z [2a132q727q27(ﬂ
_Z Z -
[z . 2]
25 Yy =z [25072q727q27q4>1]
1z z Z]
(2 .
6 y+cz z [1,0,¢+1,¢% —1] Tric)=1
L Y
. y r
27 Y [17q+1aq2_1)0]
_Z -
_m y P
Sg y .z [1,g+1,g—1,¢*—q
. Z -
- y E
E9 y z =z [1a132q717q27q]
. Z -
- y _
210 y =z . [1a132q717q27(ﬂ
. Z_
(2 Y .
Ell y =z z [1,1,(]717(]2]
L z x+z
[z Y cr ]
212 Yy y+Z . [1507Q+17q271] TT(C)::l? (*)
| cx c%‘—i—z_
[z Y cr ]
Y13 Yy y+z : [1,0,¢—1,¢% +1] Tr(c) =0, (+*)
| cx 023:—1—2_
[z Y cr ]
Y14 Yy y+z . [I,O,q:Fl,q2:|:1] Tr(c)=Tr(1), ¢ #4, (x*x)
| cT 021'—1—,2_
_:erz z z
DX z y+z oz [1,0,¢—1,¢* +1] g=4
| 2 z Y
(2 Yy oz
E15 Yy =z [1517q_1aq2]
z

Table 4.1 The K-orbits of planes in PG(5,¢) meeting V(F,) in at least one point
and their point-orbit distributions, where ¢ # 2 and ¢ is: (*) not admissible if ¢ =
22m+1 " (x%) not admissible if ¢ = 22™ and (* * %) admissible if ¢ > 4. The point-orbit

distribution in ¥4 is given with respect to ¢ =

22m

and qg= 92m+1

respectively.



5 TENSOR RANKS IN F2@F3 @ F>

In this chapter, we present our results from (Alnajjarine & Lavrauw, 2020). Partic-
ularly, we follow the classification of tensors in V = Fg ®IF2 ®IF2 under the action
of the subgroup of GL(V) stabilising the set of fundamental tensors in V' (Lavrauw
& Sheekey, 2015), to define the GAP-package T233 which determines ranks and
orbits of points in PG(V) = PG(17,¢).

This chapter is structured as follows. We begin with an essential proposition that
reflects the importance of studying contraction spaces while classifying tensors in
Fy' @ Fy @ Fy; m #n. Then, we define in Section 5.1 the role of each function in
T233. In Section 5.2, we explain the implementation of our main functions and
give representatives of the orbits 017, 019 and o15. Finally, we end with Section 5.3
by an example illustrating the importance of 7233 while computing tensor ranks
in PG(17,q), especially when ¢ is large. For further details about the terminology
used in this chapter we refer to Section 2.6.4. Note that, we consider the problem of
determining tensors’ orbits and ranks from a projective perspective, where nonzero

rank-1 tensors in V' correspond to points of the Segre variety 51,272(114"(1).

Proposition 5.1. Let B # C € F' @ Fy @ Fy; m # n, G1 = GL(Fy)1Sym(m) and
G; = GL(F]") x GL(Fy); i = 2,3, then the following are equivalent:

e B is G-equivalent to C.
e By is Gi-equivalent to C.

o B is Gj-equivalent to one of {C;, CZ-T}, where i =2,3 and T is the map sending
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u®uv to v®u and expanded linearly.

Proof. Combine Lemma 2.1 and Corollary 2.2 in (Lavrauw & Sheekey, 2015).

5.1 T233 package

[]

T233 is a GAP-package (GAP, 2021) which uses some functionality from the FinlnG

package (Bamberg, Betten, Cara, De Beule, Lavrauw & Neunhoffe, 2018) to compute
ranks and orbits of points in the projective space PG(V') =2 PG(17,q). This package

is formed of 2 main and 12 auxiliary codes which are described as follows:

o OrbitOfTensor: takes a point in PG(V') and returns its G-orbit and a canonical

representative of the orbit.

o RankOfTensor: returns the rank of a point in PG(V') by computing its G-orbit.

o MatrizOfPoint: returns a matrix representation of a point in PG(V).

e RankOfPoint: returns the rank of the associated matrix representation of a

point in PG(V).

e RankDistribution: computes the rank distribution of a projective subspace.

o Cubical ArrayFromPointInTensorProductSpace: gives the horizontal slices of a

point in PG(V').

o ContractionOfPointInTensorProductSpace: returns the projective contraction

of a point in PG(V).

o SubspaceOfContractions: returns the contraction spaces of a point in PG(V).

o Rank1PtsOftheContractionSubspace: returns rank-1 points of the contraction

subspaces associated with a point in PG(V).

e RepO10odd: returns a canonical representative of 019 when ¢ is odd.

o AlternativeRepresentationOfFiniteFieldElements: gives an alternative repre-

sentation of elements of F,.
e RepO1l0even: returns a canonical representative of 019 when ¢ is even.

e RepO1bodd: returns a canonical representative of 015 when ¢ is odd.
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e RepOlb5even: returns a canonical representative of o015 when ¢ is even.

For more about the construction of these functions we refer to (Alnajjarine &
Lavrauw, 2020).

5.2 Implementation

5.2.1 OrbitOfTensor

The OrbitOfTensor function uses information from Table A.1 to determine for an
arbitrary tensor B in PG(V') its orbit and a representative of the orbit. It computes
first the rank distribution R; and compares it with Table A.1 to specify the orbit
containing B. However, sometimes R; is not sufficient to distinguish among orbits.
For instance, og and o7 (resp. 019, 011 and 012) have the same first rank distribution
Ry. In this case, we use properties of the second and third contraction spaces to
differentiate among them. By (Lavrauw & Sheekey, 2015), o4, o7 and o;; are the
only G-orbits of tensors which split under the action of PGL(2,q) x PGL(3,q) to
o; and OZT. Therefore, using properties of By and Bj directly from Table A.1 will
not be sufficient to distinguish between og and o7 (resp. 019, 011 and 012). For this
reason, we use algorithmically some extra possibilities of Re and Rs to insure that
it B € 0j then BT ¢ 0j, for j = 7,11 (see Proposition 5.1). Notice that, since o4 is

completely determined by Rj, there is no need for a similar work in this case.

Although in most cases the set {Rj, R, Rs} is sufficient to specify tensors orbits,
it is not helpful in distinguishing between o015 and o016 as they have same rank

distributions. In this case, we use Lemma 5.1 to differentiate between them.

Lemma 5.1. (Alnajjarine & Lavrauw, 2020, Lemma 1.1)

Let B € PG(V) such that Ry =[0,1,q] and Ry = R3 = [1,¢*> +¢,0], and denote by
x1 and x2 a rank-3 point and the unique rank-2 point on the line By respectively
(see Table A.1). Then, there exists a unique solid S containing x2 and intersecting
S2.2(Fy) in a subvariety Q(x2) equivalent to the Segre variety S11(Fq). Furthermore,
for U :=(S,z1), we have B € o015 if U\ Q(x2) intersects Sz 2(Fy) nontrivially and
B € 015 otherwise.
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Proof. Let x9 € (y,2) where y # z € Soo(F,). lf y=022(y1 X y2) and 2z =0922(21 X 22),
then xo € (Q, ) where Q. 1= 022((y1,21) X (y2,22)) = S1,1(F;). We then iden-
tify Q(z2) by Qy,., whose uniqueness is guaranteed by Lemma 2.4 in (Lavrauw &
Sheekey, 2015). Let S = (Q(z2)) and consider the two possibilities for B to have 2
points y;, i = 1,2 of rank ¢ such that z; is on the line (y},y5) and Q(x2) = Q(y5) or
no such points exist, to conclude that B € 015 or B € 015 respectively (see section
3.2 in (Lavrauw & Sheekey, 2015)). O

For the same reason, we deal with the case ¢ = 2 separately. In particular, we can
distinguish between o019 and {012,014} by their second rank distribution Ry. But, as
012 and o014 share the same three rank distributions, we use the geometric description
of the second contraction space to differentiate between them. More precisely, the
difference between these orbits is that the second contraction space in o014 is a plane

spanned by its three rank-1 points, however, this is not the case for 012 (see Table
Al).

Finally, except for o019, 015 and 017, representatives are obtained directly from Table
A.1 and are defined by a set of two horizontal slices 2.6.5. For instance, a represen-
tative of 016 is €1 ®@ (61 ®e; +ea®ex+e3®es) +ea® (61 ®eg+e2®ez) (see Table
A.1) which can be represented by

1 0 0f |01 0
01 0],/0 01
0 0 1 (00 0

5.2.2 Representative for o;7

A representative of o017 is given by: €1 ® (e1 ®e;+ea®ea+e3R@e3)+ea® (61 ®eg+
o @ e+ e3® (aer + Bea +ves)) where A3 +yA% — BA+a #£ 0 for all A in F,. Since
determining «, [ and v is computationally infeasible for large ¢, we give an explicit
construction that does not require any computations. First, notice that o;7 is the
unique orbit of lines in the space PG(IF% ®IF2) consisting entirely of rank-3 points
(Lavrauw & Popiel, 2020). Therefore, constructing a line of constant rank 3 is suffi-
cient to obtain the desired representative. For this aim, consider the cubic extension
of Fy, Fy3, and define U = {My:0¢€ IFqg} where Mpy is the matrix representative of
the linear operator on F 3 sending x to x. Since U is a three dimensional Fg-vector

space containing ¢ — 1 matrices of rank three, it follows that any two dimensional
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Fy-subspace of U, W, can serve as a representative of 017, where basis of W gives us
the two horizontal slices. Particularly, let w be a primitive element of the extension
F,s over Fy and consider the subspace generated by the identity matrix and the
companion matrix of the minimal polynomial of w.

5.2.3 Representatives for 019 and o5

The orbits 019 and 015 can be represented by e ® (e1 ® €1 +ea®ea+ue; @ea) +ea®
(e1®ex+vea®eq) and e; ® (e e +ea@er+e3Rez+ue; Dez)+ea® (e @ea+vea®
e1) respectively, where u,v € F,\ {0} and vA? +uvA—10 for all A in F,. Similar to
the o017 case, we give an explicit construction of a representative of 01¢g which requires
no computations. Observe first that o019 can be represented by a line of constant
two-rank 2 x 2-matrices, which is external to a conic in V(F,) (Lavrauw & Popiel,
2020). Thus, constructing such a line will be sufficient to represent o1g. Before
proceeding, recall that interior points of the conic C' = Z(X¢Xs — X?) correspond
to {(z,y,2) € PG(2,q) : 2z —y*> ¢ O}. Therefore, when ¢ is odd, we can compute
the image of a primitive root in F, under the polarity associated with C' to obtain
an external line to C' in PG(2,¢). This line can be embedded in PG(8,q) by setting
the third rows and columns of its points to zero. A similar argument works for
q even. Particularly, we may start with the minimal polynomial of a generator of
the group F 2 \ {0} to obtain an irreducible quadratic polynomial over Fy, whose
coordinates can be viewed as the dual coordinates of a line in PG(2,¢) external
to the conic defined by {(a? ab,b?): a,b € Fy;(a,b) # (0,0)}. We can then embed
this line in PG(8,q) by setting the last columns and rows of its points to zero.
Finally, by finding v and v from the obtained representative of 019, we can obtain a

representative of o15.

5.3 Computations and summary

Example 5.1.

gap> q:=13441;

13441

gap> pg:=AmbientSpace(sv);
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ProjectiveSpace(17, 13441)
gap> sv:=SegreVariety([PG(1,q),PG(2,q),PG(2,9)]1);
Segre Variety in ProjectiveSpace(17, 13441)
gap> n:=Size(Points(pg));
15253488921344444155506510918187382354088690586830800870048462872993938
gap> m:=Size(Points(sv)); # number of rank-1 points in PG(17,q)
438788099250605865618
gap> D:=VectorSpaceToElement (pg, [Z(q)~0,Z(q)~336,Z(q) ~339,
> Z(q)~37,Z(q)"233,2(q)"56,Z2(q) ~268,Z(q) ~363,Z(q) ~342,
> Z(q)~297,2(q)"146,Z(q)"71,Z(q)"57,Z(q) "84,Z(q) "33,
> 7(q)"203,Z(q)"229,2(q)"1911);
<a point in ProjectiveSpace(17, 13441)>
gap> Orbit0fTensor(D); # [orbit, representative]
L 17,
[ [ [ z(13441)70, 0xZ(13441), 0%Z(13441) 1],
[ 0%xZ(13441), Z(13441)70, 0%Z(13441) 1,
[ 0%Z(13441), 0%Z(13441), Zz(13441)70 1 1,
[ [ 0%Z(13441), 0%Z(13441), Z(13441) 1,

[ Z(13441)°0, 0%Z(13441), Z(13441)°2008 ],

[ 0%Z(13441), Z(13441)70, 0*Z(13441) 1 11 1]
gap> time; # in ms
2406
gap> RankOfTensor (D) ;

gap> time; # in ms
2438

T233 is an efficient tool to compute orbits and ranks of points in PG(17,q). With-
out this tool, it is computationally infeasible to find ranks of points in PG(17,q),

especially when ¢ is large. For instance, if we consider the point D in Example

5.1, we can see that its rank was computed within seconds. However, finding this

manually requires to check an 82-digit number of possible 4-combinations of rank-1

points which might generate a solid containing D. This reflects how hard it would

be to compute ranks of tensors in PG(17,q) without this algorithm.
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APPENDIX A

Description and Representative

Tensor’s Rank
Rank Distributions

01 e1®e1®ey 1
PG(A1): Point on S33 [1,0,0]
PG(A2): Point on Sy 3 [1,0,0]
PG(A3): Point on Sz 3 [1,0,0]
02 e1®(e1®er +ex®e) 2
PG(A;1): Point of rank 2 [0,1,0]
PG(A2): Line on So 3 [¢+1,0,0]
PG(A3z): Line on So 3 [¢+1,0,0]
03 e1®(e1®e1+ea®es+e3®es) 3
PG(A;): Point of rank 3 [0,0,1]
PG(A2): Plane on Sa3 [¢>+q+1,0,0]
PG(A3): Plane on Sa 3 [¢>+q+1,0,0]
04 e1Re;®e; +ea®e; Rea 2
PG(A1): Line on S33 [¢+1,0,0]
PG(Az): Point of rank 2 [0,1,0]
PG(As): Line on Sa3 [¢+1,0,0]
05 e1Re;®e; +ex®ea Res 2
PG(A;1): Secant line [2,¢—1,0]
PG(Asz): Secant line [2,¢—1,0]
PG(A3): Secant line [2,q—1,0]
06 e1Re;®ert+ea®(e1®ea+ea®eq) 3
PG(A1): Tangent line contained in an < Sa 9 > [1,¢,0]
PG(Az): Tangent line contained in an < S 2 > [1,q,0]
PG(As): Tangent line contained in an < .S 2 > [1,q,0]
o7 e1®e;®ez+ea®(e1®er +e2®ez) 3
PG(A1): Tangent line contained in an < Sa 3 >, [1,¢,0]
not contained in an < Sp 2 >
PG(A3): Tangent line, not contained in an < S3 2 > [1,q,0]
PG(A3): Plane containing 2 lines of an S5 o [2¢+1,¢%> —q,0]
08 e1®e1®e;+e2®(ea®ez+e3®es) 3
PG(A1): Tangent line not contained in an < Sz 3 >, [1,1,¢—1]
containing a point of rank 2
PG(A2): Plane containing a line and a point of Sz 3 [q+2,¢%>—1,0]
not contained in an < S22 >
PG(A3): Plane containing a line and a point of Sa 3 [q+2,¢%—1,0]
not contained in an < Sp 2 >
09 e1®ez®er+e2®(eg®er +e2®ez+e3®es) 4
PG(A1): Tangent line not contained in an < Sa 3 >, [1,0,q]
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not containing a point of rank 2

PG(A42): Plane containing a line of Sy 3, [¢+1,¢%,0]
not contained in an < S22 >
PG(A3): Plane containing a line of Sz 3 [q+1,4%,0]
not contained in an < Sp 2 >
010 e1®(e1®e1+ea®ea+ue; ®eg)+ea®(e1Q@eatvea®er) 3
vAZ+uvA =140 for all X € F,
PG(A1): Line of constant rank 2, contained in an < Sz 2 >, [0,¢+1,0]
PG(Az): Line of constant rank 2, contained in an < Sz 2 >, [0,qg+1,0]
PG(As): Line of constant rank 2, contained in an < Sz 2 >, [0,q+1,0]
o011 e1®(e1®e1+ea®er)+ea®(e1@ex+eaR@es) 3
PG(A1): Line of constant rank 2, contained in an < Sz 3 >, [0,g+1,0]
but not in an < Sz o >
PG(A2): Line of constant rank 2, contained in an < Sp 3 >, [0,g+1,0]
but not in an < S22 >
PG(As): Plane in an < S22 >, meeting in a conic [¢+1,¢%,0]
012 61®(61®€1+€2®€2)+62®(61®€3+63®62) 4
PG(A1): Line of constant rank 2, not contained in an < Sz 3 >, [0,q+1,0]
PG(A2): Plane containing a line of S 3 [q+1,4%,0]
PG(A3): Plane containing a line of Sz 3 [q+1,4%,0]
013 e1®(e1®e; +ea®es)+ea®(e1 @ex+ezDes) 4
PG(A;1): Line with 2 points of rank 2 [0,2,q—1]
PG(A2): Plane containing 2 points of S 3 [2,¢% +q—1,0]
PG(A3): Plane containing 2 points of S 3 [2,¢% +q—1,0]
014 e1®(e1®er +ea®er) +ea®(e2®@ex +e3®es) 3
PG(A;1): Line with 3 points of rank 2 [0,2,q—1]
PG(A2): Plane containing 3 points of S 3 [0,3,q9—2]
PG(A3): Plane containing 3 points of Sa 3 [0,3,9—2]
015 e1®(etue; ®ez)+ea®(e1 ®ex+vea®er); 4
vAZ+uvA—1#£0 for all A € F,
and e=e1®e; +ex®es +e3Res.
PG(A4;1): Line having one point of rank 2 [0,1,q]
PG(A3): Plane containing one point of Ss 3 [1,¢%+¢q,0]
PG(A3): Plane containing one point of S 3 [1,¢%+q,0]
016 61®(€1®61—|—€2®62+€3®63)+62®(61®€2+62®€3) 4
PG(A41): Line having one point of rank 2 [0,1,q]
PG(A3): Plane containing one point of Ss 3 [1,¢%+¢q,0]
PG(A3): Plane containing one point of S 3 [1,¢%+¢,0]
017 e1®(e)+ea®(e1 ®ea+ea®es+es® (aer + Pea+vye3)); 4ifg>3
/\3+’y)\2—ﬁA+a7éOforallx\€Fq 5if g=2
and e=e;®e; +e2®ez +e3®es.
PG(A1): Line of constant rank 3 [0,0,¢+1]
PG(A2): Plane disjoint from Sa 3 [0,¢% +q+1,0]
PG(As): Plane disjoint from Sz 3 [0,¢%+q+1,0]

Table A.1 Projective description and properties of the G-orbits of tensors in V

(Lavrauw & Sheekey, 2015).
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