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Abstract We qualify a social choice correspondence as resolute when its set
valued outcomes are interpreted as mutually compatible alternatives which
are altogether chosen. We refer to such sets as “committees” and analyze the
manipulability of resolute social choice correspondences which pick fixed size
committees. When the domain of preferences over committees is unrestricted,
the Gibbard-Satterthwaite theorem —naturally —applies. We show that in case
we wish to “reasonably” relate preferences over committees to preferences
over committee members, there is no domain restriction which allows escaping
Gibbard-Satterthwaite type of impossibilities. We also consider a more general
model where the range of the social choice rule is determined by imposing a
lower and an upper bound on the cardinalities of the committees. The results
are again of the Gibbard-Satterthwaite taste, though under more restrictive
extension axioms.

1 Introduction

We know from Gibbard (1973) and Satterthwaite (1975) that every strategy-
proof social choice function with a range containing at least three alternatives
must be dictatorial. The fact that social choice functions pick a single alterna-
tive at each preference profile is critical in establishing this result. On the other
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hand, there is a vast literature exploring the strategy-proofness of social choice
correspondences.” For such an analysis to be carried, individual preferences
over sets are necessary information. A typical approach is to deduce this infor-
mation from individual preferences over alternatives through certain extension
axioms which assign to every ordering over alternatives the list of acceptable
orderings over sets.

The plausibility of these axioms depends on how one interprets a set. One
standard interpretation is to see a set as a first refinement of the initial set
of alternatives, from which finally a single outcome will be chosen. This is
the conception of social choice correspondences as non-resolute social choice
rules. The literature under this interpretation dates back to Pattanaik (1973),
Barbera (1977), Kelly (1977), Gardenfors (1976, 1978), Feldman (1979a,b) and
is more recently followed by Duggan and Schwartz (2000), Ching and Zhou
(2002), Benoit (2002), Barbera et al. (2001), Ozyurt and Sanver (2005). All these
papers analyze strategy-proofness of social choice correspondences defined
over domains restricted through extension axioms appropriate to the given
interpretation of a set. The basic result is negative: The Gibbard—-Satterthwaite
theorem is very robust and for many reasonable domain restrictions, strategy-
proofness is equivalent to various versions of dictatoriality.

Another interpretation of a non-singleton set is a list of mutually compatible
alternatives which are altogether chosen, as it may be the case for a department
of mathematics recruiting more than one assistant professor. We refer to such
sets as “committees”. We restrict the possible outcomes through the committee
size and consider social choice rules which assign a committee to every prefer-
ence profile over committees. We refer to these social choice rules as resolute
social choice correspondences.

It is clear that if we allow all possible orderings of committees as individual
preferences, then the Gibbard—Satterthwaite theorem directly applies to reso-
lute social choice correspondences. For, in this case the social choice problem is
equivalent to a standard one defined over the full domain of alternatives, where
every committee is an “alternative”. On the other hand, individual preferences
over committees may be restricted. In particular, connecting preferences over
committees to preferences over the basic set of alternatives (which are the pos-
sible committee members) restricts the domain of orderings over committees.
In fact, every logical relationship between preferences over committees and
preferences over the basic set of alternatives implies a particular restriction of
the domain of orderings over committees. This leads to ask whether it is pos-
sible to escape Gibbard-Satterthwaite type of results under reasonable axioms
to extend orderings over a set to its power set.

We bring a negative answer to this question through a previous result of
Aswal et al. (2003) who establish that any unanimous and strategy-proof social
choice function defined over a “linked” domain has to be dictatorial. We show
that in the framework of resolute social choice correspondences, very weak

1 By a social choice correspondence, we mean a social choice rule that assigns a non-empty set of
alternatives to every preference profile.
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axioms to connect preferences over committees to preferences over the basic
set of alternatives lead to “linked” domains, thus ending up in Gibbard-Satt-
erthwaite type of impossibilities.

Section 2 gives the preliminaries. Section 3 states the main impossibility
result: Given m alternatives, fix some k < m and consider a unanimous social
choice rule f whose range is committees of size k. The domain of f contains
preference profiles over these committees. Individual preferences in the domain
are obtained through extension axioms that relate preferences over alternatives
to preferences over sets. We show that virtually all extension axioms lead to
the equivalence of strategy-proofness and dictatoriality. Section 4 considers a
more general model where the range of the social choice rule is determined by
imposing a lower and an upper bound on the cardinalities of the committees.
The results are again of the Gibbard—Satterthwaite taste, though under more
restrictive extension axioms. Section 5 makes some concluding remarks.

2 Preliminaries

Taking any two integers n and m with n > 2 and m > 3, we consider a society
N = {1,...,n} confronting a set of alternatives A with #A = m. Fixing any
integer k with 1 < k < m, we write Ay = {X € A : #X = k} for the set of all k
element subsets of A, to which we refer as a “committee”. We denote a typical
committee by ¢ € Ag.

We let IT stand for the set of all complete, transitive and antisymmetric binary
relations over A. Every p € Il represents an individual preference on the ele-
ments of A in the following manner: For any a,b € A,apb means “a is at least
as good as b”.2

Similarly, we let )i stands for the set of all complete and transitive orderings
over Ak. Every R € ) represents an individual preference on the elements of
Ak in the following manner: For any c¢,¢’ € Ag,cRc¢’ means “c is at least as
good as ¢’”. We denote P for the strict counterpart of R.% In case the preference
ordering over Ay is specified to belong to a particular agent i € N, we write it
as R;, with its respective strict counterpart P;. A typical preference profile over
Ak isdenotedby R = (Ry,...,Ry) € RN,

Given any non-empty D C %, we define a social choice rule as a mapping
f: DN — Ay. So we conceive a social choice rule as a resolute social choice
correspondence, as it assigns to every preference profile R € DN, some commit-
tee f(R) € Ak. Note that we only consider social choice rules whose domains
are Cartesian products of some D C 9, in which case we say that the social
choice rule is defined over the domain D. A social choice rule f : DN — Ay is
manipulable at R € DN by some i € N if and only if there exists R' € DN with

2 As p is antisymmetric, for any distinct a,b € A we have a p b — not b p a. In other words, for
distinct alternatives, a p b means “a is preferred to b”.

3 Foranyc,c’ € Ay, we write ¢ P ¢ if and only if ¢ R ¢/ holds but ¢’ R ¢ does not, i.e., ¢ is preferred
toc.
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R; = R]’. for all j € N\{i} such that f(R') P; f(R). We say that f is strategy-proof
if and only if there exists no R € DN at which f is manipulable by some i € N.
A social choice rule f : DN — Ay is dictatorial if and only if there exists d € N
such that for all R € D we have f(R)Rq c for all ¢ € Ay.

We know by the Gibbard-Satterthwaite theorem that when D = %, a social
choice rule f : N — Ay with a range containing at least three elements is
strategy-proof if and only if f is dictatorial. In fact, it is not possible to escape
this equivalence through reasonable domain restrictions, as we show in the next
section.

3 The main impossibility result

We start by quoting two definitions from Aswal et al. (2003):

Definition 3.1 Two committees ¢,c’ € Ak, are said to be connected on a do-
main D C R if and only if there exists R,R’ € D such that argmax 5, R = c,
argmax A,\ ()R = ¢/, argmax 5, R" = ¢ and argmax 4,y R’ = c.

So we say that committees ¢ and ¢’ are connected on the domain D if there
exists a preference ordering in D where c is ranked first, ¢’ second and another
ordering where ¢’ is ranked first, ¢ second. We denote this as ¢ ~ ¢’.*

Before quoting the next definition, let s = #Ax = m!\(m — k)!k!

Definition 3.2 A domain D C ) is said to be linked if and only if one can order

the elements of Ax = {ci1, ¢3,...,cs} such that
i) a~c
(ii) ¢ is connected to at least two elements of the set
{e1, e2,ovsci} ((=3,...,9).

It follows from Theorem 3.1 in Aswal et al. (2003) that unanimous® and
strategy-proof social choice rules defined over linked domains are dictatorial.
We refer to this result as Fact 3.1 and state it formally below:

Fact 3.1 Consider any linked domain D C . A unanimous social choice rule
f: DN — Ay is strategy-proof if and only if f is dictatorial.

We wish to note that our statement of Fact 3.1 is stronger than the statement
of Theorem 3.1 in Aswal et al. (2003), as they consider antisymmetric orderings
only. In other words, their Theorem 3.1 is Fact 3.1 restricted to domains D which
only contain strict orderings. On the other hand, the proof of their Theorem 3.1
establishes the more general result announced by our Fact 3.1.

We now turn to domain restrictions. An extension map is a rule « which
assigns to every p € I1, a non-empty set «(p) < 9 of admissible orderings over

4 Note that the relation ~ is symmetric, i.e., ¢ ~ ¢’ implies ¢’ ~ c.

5 A social choice rule f : DN — Ay is unanimous if and only if given any ¢ € Ay and any R € D
with cP;c’ for all i € N and for all ¢’ € A, we have f(R) = c.
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Ax. A domain D C 3 is said to be obtained through an extension map « if and
onlyif D = J,cp @(p).

An extension map « is reasonable if and only if given any p € I1, there exists
R € «a(p) such that given c¢1,c; € Ak which differ only by one element and
satisfy

(i) xpy forallx € ¢; and for all y € A\cy.
(i) e2\e1 = argmaxy, . p and c¢1\c; = argmin, p

we have ¢q Pc for all ¢ € Ak\{c1} and ¢, Pc for all ¢ € Ax\{c1,c2}.

Note that given an ordering p over A, c; is the committee formed by the
k best elements of A and ¢ is obtained by replacing the worst element in ¢;
by the best element outside of ¢;. An extension map is reasonable if it allows
individuals to admit ¢; as the best and ¢, as the second best committee. This
is a fairly weak condition. In fact, negating reasonability is too demanding: It
means that individuals are not allowed to consider the committee formed by
their first & best members as their favorite one or their second best committee
cannot be the one consisting of the first k — 1 best and k + 1th ranked members.
As we will explore throughout the paper, virtually all axioms of the literature
on extending an order over a set to its power set induce reasonable extension
maps.

Our main result is an impossibility theorem which states that every unan-
imous and strategy-proof social choice rule defined over a domain obtained
through a reasonable extension map must be dictatorial.

Theorem 3.1 Let #A > 3. Take any D C 0 which is obtained through a reason-
able extension map. A unanimous social choice rule f- DN — Ay is strategy-proof
if and only if f is dictatorial.

Proof Let A and D be as in the statement of the theorem. The “if” part is
obvious. To prove the “only if” part, we will show that D is a linked domain,
hence proving the theorem through Fact 3.1.

We start by introducing a lexicographic extension map: The lexicographic
extension of any p € I1is an ordering A(p) over Ak which is defined as follows:
Take any two distinct X, Y € Ak. Let, without loss of generality, X = {x1,...,xx}
and Y = {y1,...,yx} such that x; p x;1 and y; p yj;q forallj € {1,...,k —1}.
We have X L(p) Y if and only if xy, p yj, for the smallest h € {1,..., k} such that
x5, # yn- Note that, at each p € T, A(p) gives a unique complete, transitive and
antisymmetric ordering over Ay.

Now fix some total order  over A. Assume, without loss of generality that
a; 0 ajyq for alli € {1,...,m — 1}. Order the elements of Ax = {cy,¢2,...,cs}
according to the lexicographic ordering A(9). Let, without loss of generality,
¢i M(0) cip1 for alli e {1,...,s — 1}. We now make three claims, which alto-
gether prove the theorem:

Claim 1 #(ci\c2) = 1.
Claim 2 For all ¢; € Ag withj > 2, there exist distinct ¢, ¢; € Ag with & < jand
i < jsuch that #(c,\cj) = #(ci\¢j)) = 1.
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Claim 3 For any c,c’ € Ay, if #(c\c’) = 1 then ¢ ~ ¢’ on the domain D.

Note that, if these claims are true, then ¢; ~ ¢ and ¢; is connected to at least
two elements of the set {c¢{,¢2,...,c;—1} foralli € {3,...,s}, which shows that
D is linked. So we complete the proof by showing our claims.

To show Claim 1, it suffices to note that under A(0), ¢; consists of the
first k best elements of A according to 6, i.e., ¢; = {aj,...,ax}, while ¢ =
ler \{ar ] Ulak41}-

To show Claim 2, take any ¢; € Ak withj > 2. Letx = argmincje be the lowest
ranked alternative in ¢; according to 6. Note that there exist distinct a, b € A\¢;
such thata 6 x and b 6 x, as otherwise we would have either ¢; = ¢; = {ay, ..., ar}
or ¢; = ¢ = [c1\{ax}] U{ak+1}, contradicting j > 2. Now consider the com-
mittee ¢; = [¢;\{x}] U {a}. Clearly # (¢;\c;) = 1. Moreover, i < j,ie.,c; A(f) c;.
Similarly, given the committee ¢, = [¢;\{x}] U b, we have # (c;\c;) = 1, as well
as h < j,i.e., ¢y A(0) cj. To show Claim 2, it suffices to check that ¢, and ¢; are
distinct, which directly arises from the fact that @ and b are distinct.

To show Claim 3, take any two distinct committees ¢, ¢’ € Ag with #(c\c') =
1. Let, without loss of generality, ¢ = {x,...,x;} and ¢\¢ = {xx41} and
c\¢" = {xr}. Now pick p € IT with x; px; 1 for alli € {1,...,k} while x p y for
all x € cU and for all y € A\(c U ¢). Pick also p’ € IT with x; p’ x;41 for
allie {1,...,k—2},xk1 p" Xps1, Xka1 P’ X, and x p’ y for all x € cU ¢’ and
for ally € A\(cU (). As D is obtained through a reasonable extension map «,
there exists R € a(p) C D as well as R' € a(p’) C D with argmax o, R = c,
argmax A,\(jR = ¢, argmax 5, R’ = ¢’ and argmax A,\(}R’ = c. Hence,
¢ ~ ¢’ on the domain D which shows Claim 3 and thus completes the proof. O

Theorem 3.1 covers many interesting domains, such as those where members
of the committees do not impose externalities on each other, i.e., agents have
separable preferences over committees. This property is particularly used in the
many-to-one matching literature where it is called “responsiveness”.® We refer
to it as RES and define as follows:

RES: For any X € A and any x,y € A\X we have
XUHDRXUpYD ©xpy

For every p €11, define the extension map oaRES(p)={R e : R satisfies RES}.
We write RRES = U pell oRES (). It is straightforward to see that oRES js a

reasonable extension map, thus RHRES
formally in the following corollary:

is covered by Theorem 3.1. We state this

Corollary 3.1 Let #A > 3. A unanimous social choice rule f: [RRESIN _, Ay s
strategy-proof if and only if f is dictatorial.

6 For a detailed treatment of the responsiveness axiom, one can see Roth and Sotomayor (1990).
Remark that responsiveness is a modified version of the monotonicity axiom of Kannai and Peleg
(1984).
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As another example, we consider the “dominance” axiom of Kelly (1977) to
which we refer as DOM and define as follows:

DOM: For any distinct X, Y € 24\{#}} such thatx py¥x eXand Vy € Y, we
have XPY

For every p € II, define the extension map aPOM(p) = (R € 0 : R satis-
fies DOM} We write HPOM — U perl aPOM(p) Tt is straightforward to see that

aPOM is a reasonable extension map, thus #HPOM

We state this formally in the following corollary:

is covered by Theorem 3.1.

Corollary 3.2 Let #A > 3. A unanimous social choice rule f: [RPOMIN — Ay is
strategy-proof if and only if f is dictatorial.

Finally, we wish to note that Theorem 3.1 may cover very narrow domains.
Consider the lexicographic extension map A defined in the proof of Theo-
rem 3.1.7 Write ®#* = U pen{k(p)}.s Clearly, the lexicographic extension map
is reasonable, hence leading to dictatorial social choice rules, which we state in
the following corollary.

Corollary 3.3 Let #A > 3. A unanimous social choice rule f: (RN — Ay is
strategy-proof if and only if f is dictatorial.

Corollary 3.3 is independently shown by Campbell and Kelly (2002) who
characterize strategy-proof social choice correspondences when preferences
over sets are obtained through the lexicographic extension map A. Although
they analyze non-resolute social choice correspondences, they also consider
social choice rules which pick (non-empty and non-singleton) sets of fixed car-
dinality—which we call resolute social choice correspondences. Campbell and
Kelly (2002) establish the dictatoriality of strategy-proof and unanimous social
choice rgles defined over the domain %" —which is Corollary 3.3 to our Theo-
rem 3.1.

4 A Generalization

The impossibility expressed by Theorem 3.1 can be carried to a more general
framework where possible outcomes are determined by imposing a lower and
an upper bound on the cardinalities of the committees. We start by consider-
ing the case where the lower and upper bound differ by one. Fix some k with
l<k<m—1LetAx={XCA:#X =k}andAx;1 = {X CA:#X =k+1}.
We stick to the notation used in the previous sections with the sole difference
that 0 stands for the set of all complete and transitive orderings over Ak | J Ag1.

7 This extension map is a particular case of the lexicographic rank-ordered rule which Bossert
(1995) characterizes.

8 Note the narrowness of i* which contains precisely m! orderings over the set Ay containing
m! [ [(m — k)!k!] elements.

9 In fact, they use a weaker surjectivity condition instead of unanimity. On the other hand, surjec-
tivity can replace unanimity in our Theorem 3.1 as well.
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Now, given any non-empty D C 9, we conceive a social choice rule as a mapping
f:DN - AU Ay

The definition of reasonable extension maps introduced in Sect. 3 has a nat-
ural adaptation to this framework. We say that an extension map « is separately
reasonable if and only if for all j € {k,k + 1} and for all p € II, there exists
R € a(p) such that given ¢y ¢ € A; which differ only by one element and satisfy

(i) xpyforallx € ¢ and forall y € A\c;.
(i) c2\c1 = argmaxy, ., 0 and ¢1\c2 = argmin, p

wehave ¢; Pcforallc € A |J Agy1\{c1}and coPctforallc € Ax | Agy1\{ci.c2}.

Note that separate reasonability, as the name implies, applies the reasonabil-
ity condition introduced in Sect. 3 for committees of size k and k + 1 separately.
However, Theorem 3.1 cannot be carried to this framework by replacing reason-
ability with separate reasonability. To see this, consider the following Example
4.1 where domains D1 D, € R are definedas D1 = {Re R :cPdforallc e Ay
andd € Agtand Dy ={R e N :d Pcforallc € Axandd € Ag,1}.So D con-
tains all orderings over Ak | Ax11 where every committee of size k is preferred
to every committee of size k + 1. Similarly, D> is the set of orderings over AU
Aj41 where every committee of size k + 1 is preferred to every committee of
size k. Let D = D1 |J D3. Clearly, D can be obtained by a separately reasonable
extension map.'’ However, given a two person—society N = {1, 2}, a social choice
rule f : DN — Ay \J Ak+1 defined for each R = (R R») € DN by the following
three exhaustive cases is unanimous, non-dictatorial and strategy—proof:

(i) IfR; € Dythen fIR)R1X forall X € Ax U Ag.1;
(ii) If Ry Ry € Dy then fAIR)Ry X for all X € Ax U Agyq;
(iii) If Ry € Dy and R € Dq then f(R)Ry X for all X € Ay,;.

So whenever agent 1 announces a preference from D1, he becomes the dic-
tator. If agent 1 and agent 2 both announce a preference from D3, then agent
2 is the dictator. Finally, if agent 1 announces a preference from D, and agent
2 announces a preference from D1, then the k 4 1 element committee which is
most preferred by agent 2 is chosen. As D contains orderings with indifferences,
we fix at the outset some linear ordering over sets to break all possible ties that
may occur. Checking the unanimity, non-dictatoriality and strategy-proofness
of fis left as an exercise to the reader.

‘We now propose a variant of the reasonability condition which enables us to
state an analogous of Theorem 3.1 in this framework. We explore the general
case where the lower and upper bounds of the committees need not differ by
one. So let ky with 1 < k1 < m — 1 be the lower bound and k> with k1 < kr < m
be the upper bound. Write K = {j : ky < j < kp} for the set of admissible
committee sizes.!! By an ordering of K, we mean a bijection x between the set
of positive integers {1,...,#K} and K. So given any i € {1,...,#K}, k(i) is the

10 1n fact, D contains all possible orderings of the committees of size k and all possible orderings
of the committees of size k + 1.

' 50 we always have m ¢ K.

@ Springer



Strategy-proof resolute social choice correspondences 97

i'th ranked element of K. As usual, for any k € K, we let k~Lk) e {1,...,#K)}
stand for the rank of k.

Let Ax = {X € A : #X = k} for any k € K. Now ) stands for the set of all
complete and transitive orderings over | J;.x Ak and given non-empty D C i,
a social choice rule is a mapping f: DN — Ukex Ak-

We say that an extension map « satisfies condition A if and only if there exists

an ordering k of K such that for all p € II, the following two conditions A; and
A» hold:

(A1) There exists R € a(p) such that given ¢; ¢; € A1) which differ only by
one element and satisfy

(i) xpyforallx € c; andforally € A\cy.
(i) c2\c1 = argmaxy,., p and c1\c2 = argmin, p

we have ¢; P cfor all ¢ € Jycx Ak\{c1} and coPc for all ¢ € | cx Ak\{c1, 2}

(A7) For all k € K\k (1), there exists j € K with «~1(j) < «~!(k) such that
given the committees ¢* € Aj and d* € Ay which respectively consist of the first
jand k elements according to 0,12 there exists R, R’ € a(p) with ¢* P d* P b for
all b € Uyex Ax\{c*,d*} and d* P’ c* P' bforall b € Jycx Ak\{d*,c*}.

Condition A has two facades. On one side, it is a variant of the reasonability
condition: Both A; and A, require the existence of orderings where certain
“good” committees are ranked first and second. On the other side, by Ay, it
requires the existence of orderings where committees are not a priori compared
according to their sizes. In other words, for certain committee sizes (say k and
k'), it ensures the existence an ordering where a committee ¢ of size k is best
while a committee ¢’ of size k' is second-best and the existence of another order-
ing where ¢’ is best and c is second-best. Note that this property is not satisfied
by the domain in Example 4.1 which consists of orderings where committees
of size k are always preferred to committees of size k + 1 or vice versa—hence
the existence of unanimous, strategy-proof and non-dictatorial social choice
rules. On the other hand, the satisfaction of Condition A allows us to state the
following impossibility theorem:

Theorem 4.1 Let #A > 3. Take any D C R which is obtained through an exten-
sion map which satisfies condition A. A unanimous social choice rule f: DN —
Ukex Ax is strategy-proof if and only if f is dictatorial.

Proof The “if” part being obvious, we will show the “only if” part. Let A and D
be as in the statement of the theorem. Let k be the ordering of K which ensures
that the extension map which induces D satisfies condition A. We will show that
D is a linked domain, hence proving the theorem through Fact 3.1.

Let T be a linear ordering of | J,.x Ak such that given any j,k € K with
kLG < k1K), any ¢ € Ajand any d € Ak, we have ¢ T d. Moreover, T orders
the elements of A,y according to the lexicographic ordering A(6) where 6 is

12 Thus, we have x p y for all x € ¢* and for all y € A\c¢* as well as x p y for all x € d* and for all
y € A\d* while ¢* € A; and d* € Ay.
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98 S. Ozyurt, M. Remzi Sanver

some total order over A, i.e., given any c,c’ € A1), wehavec T ¢’ < cA(0) C'.
Writing s for the cardinality of Ay = {c1,¢2,...,cs}, let, without loss of gen-
erality, ¢; A(0) ¢jyq for all'i € {1,...,s — 1}. By condition A; and using the
arguments in the proof of Theorem 3.1, we have ¢; ~ ¢; and ¢; is connected to
at least two elements of the set {c1 ¢z, ...,c;—1} forallie {3,...,s}.

Now we will show that any element of A, () is connected to at least two
elements of A, (1). Take some d € A, (2. Pick some p € TT withx p y forallx € d
and for all y € A\d. Let c € A, (1) be the committee consisting of the first « (1)
elements according to p. By condition A, which is satisfied for k£ = k(2), there
exists R,R" € a(p) withc Pd P bforallb € | J,.x Ak\{c.d} andd P’ ¢ P’ b for
all b € Upegx Ax\{d, c}. Thus, d ~ c. Now take some p’ € IT\{p} with x p’ y for
all x € d and for all y € A\d while the committee ¢’ which consists of the first
« (1) elements according to p’ differs from c.!> Again by condition A, which is
satisfied for k = «(2), we have d ~ ¢’. Thus, any d € A, () is connected to at least
two elements in A, ).

By similar arguments, one can take any d € A (3) and show thatitis connected
to at least two elements in A (1) [J A2). In fact the same arguments show that
any d € Ay is connected to at least two elements in Aq) JAx2)U...
U Ax(i—1), showing that D is linked. O

We now give examples of domains covered by Theorem 4.1. First, reconsider
the responsiveness condition introduced in Sect. 3. Again for every p € II, let

oRES(p) = {R € % : R satisfies RES} and write fiRES = Upen oRES(p).14 Take

any ordering k of K. We already checked in Sect. 3 that «RES satisfies condition

A1.Moreover RES does not bring any restriction on how sets of different cardi-
nalities are ordered. As a result, o RES trivially satisfies condition Aj. Thus RRES
is covered by Theorem 4.1. We state this formally in the following corollary:

Corollary 4.1 Let #A > 3. A unanimous social choice rule f: [RRESIN —
Ukek Ak is strategy-proof if and only if f is dictatorial.

As another example, we reconsider the dominance axiom introduced in
Sect. 3. Again for every p € II, let «POM(p) = (R € % : R satisfies DOM}
and write #POM = | perl aPOM(p). Take any ordering k of K. We already
checked in Sect. 3 that «POM satisfies condition A;. Moreover, DOM does not
bring any restriction on how sets which are sub/supersets of each other are
ordered—except for singleton sets. As a result, when the range of the social
choice rule excludes singleton sets, «POM trivially satisfies condition A,."> Thus
RPOM j5 covered by Theorem 4.1, as stated in the following corollary:

13 The fact that m ¢ K ensures the existence of p’.
14 Recall that 9 now stands for the set of all complete and transitive orderings over Ukek Ak-

15 Remark that when 1 € K, «POM exemplifies a failure of condition A,. As another example of
an extension map failing condition A, we can cite the one obtained through the Girdenfors (1976)
principle which requires X P Y for any X, Y € 2A\(f} with X C Y such that xpyVx € X and
vy e Y\X.
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Corollary 4.2 Let #A > 3 and 1 ¢ K. A unanimous social choice rule f :
[RPOMN _, Ukex Ax is strategy-proof if and only if f is dictatorial.

As a third example, we consider preferences over sets that are additively
separable. For each p € II, let Up be the set of real-valued “utility” func-
tions (defined over A) which represent p. Let «®S(p) = {R e % : Ju € Up
such that X RY & > . yu() > 2 cyu(y) for all X,Y € ek Ak} and

"nAS = pell aS(p). Take any ordering x of K. The satisfaction of condition
A1 is straightforward to check. As alternatives can be assigned negative “util-
ities”, condition A, is also satisfied.'® Hence the domain RAS is covered by
Theorem 4.1, as we state below:

Corollary 4.3 Let #A > 3. A unanimous social choice rule f : [RASIN 5

Ukex Ax is strategy-proof if and only if f is dictatorial.

As a final example, we consider a domain obtained through the lexicographic
extension map A defined in the proof of Theorem 3.1. For each p € II, write
a*(p) = (R € % : given any k € K and any X,Y € A we have X RY &
X A(p) Y} and let R = Upen a*(p). Take any ordering « of K. We already
checked in Sect. 3 that the lexicographic extension map satisfies condition Aj.
Moreover, given the way o’ (p) is defined, it does not bring any restriction on
how sets of different cardinalities are ordered —hence the trivial satisfaction of
condition Aj. Thus %* is covered by Theorem 4.1, as stated in the following
corollary:

Corollary 4.4 Let #A > 3. A unanimous social choice rule f: [W*IN — U,k Ak
is strategy-proof if and only if f is dictatorial.

5 Concluding remarks

We conclude by giving a brief account of our contribution. By making use of
an impossibility result by Aswal et al. (2003), we explore the strategy-proof-
ness of resolute social choice correspondences. We start by considering the case
where outcomes are committees of a unique size. Clearly, when all possible
orderings over committees are allowed, the Gibbard-Satterthwaite theorem
directly applies. Moreover, every restricted domain obtained through a reason-
able extension map exhibits a Gibbard-Satterthwaite type of impossibility. This
is quite a strong result. For, being reasonable is a very mild condition: It does
not rule out any ordering as inadmissible but only requires a particular natural
ordering to be among the admissible ones. In fact, virtually all the extension
axioms and conditions which appear in the literature satisfy the reasonability

16 Suppose we replace additive separability by average utility, i.e., we let oAV(p)={ReR:Tue
Up such that X RY & (1/#X) > cxulx) > (1/#Y) Zer u(y) for all X,Y € Upcg Ak} The

domain RAV = Upen aAY(p) is not covered by Theorem 4.1, as the extension map oAU fails to
satisfy condition Aj.
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condition.!” Hence, we can confidently conclude that there exists no domain
restriction which allows escaping Gibbard-Satterthwaite type of impossibili-
ties, in case we wish to relate preferences over committees to preferences over
committee members in a sensible manner.

This impossibility announced by Theorem 3.1 can be carried to a more gen-
eral framework where the range of the social choice rule is determined by
putting a lower and an upper bound on the size of the committees. The Gib-
bard-Satterthwaite type of impossibilities we establish are quite general. They
cover virtually all cases regarding the lower and upper bounds imposed on the
sizes of the committees.'® On the other hand, they prevail under extension maps
which satisfy condition A which is more restrictive that being reasonable. In
fact, axioms which conceive sets as non-resolute outcomes typically require a
singleton set to be the best outcome —hence being inconsistent with condition
A. So the impossibility announced in Sect. 4 purely belongs to a world where
sets are resolute outcomes while, as illustrated by Corollaries 4.1, 4.2, 4.3 and
4.4, it applies to a fairly large class of extension maps.

A particular application of Theorem 4.1 is to the framework of Barbera et al.
(1991) who consider social choice rules which pick a (possibly empty) set of
alternatives at each preference profile over sets of alternatives. Here, individual
orderings include the empty-set and they are assumed to be separable. Given
that the set of admissible outcomes is unrestricted, non-manipulable social
choice rules are characterized in terms of a class which Barbera et al. (1991)
call voting by committees.'” Aswal et al. (2003) show that restricting the set of
feasible outcomes through lower and upper bounds imposed on the cardinal-
ity of admissible committees ends up in the equivalence of strategy-proofness
and dictatoriality. This equivalence is “almost” implied by our Theorem 4.1, as
separable preferences satisfy condition A .20
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