A THESIS TITLED

Theory of Polyomino |deals

Submitted to GC University Lahore
in partial fulfillment of the requirements

for the award of degree of

Master of Philosophy

IN

Mathematics
By

Rizwan Jahangir

Registration No.

2016-MP-ASSMS-432

<{Cotrace o OV &

ABDUS SALAM SCHOOL OF MATHEMATICAL SCIENCES,
GC UNIVERSITY LAHORE



A THESIS TITLED

Theory of Polyomino Ideals

<{Cotmace oV &

Rizwan Jahangir

Registration No.

2016-MP-ASSMS-432

ABDUS SALAM SCHOOL OF MATHEMATICAL SCIENCES,

GC UNIVERSITY LAHORE



DECLARATION

|, Mr. Rizwan Jahangir Registration No. 2016-MP-ASSMS-432 hereby
declare that the matter printed in the thesis titled Theory of Polyomino Ideals
is my own work and has not been submitted and shall not be submitted in
future as research work, thesis for the award of similar degree in any
university, research institution etc in Pakistan or abroad.

At any time, if my statement is found to be incorrect, even after my
graduation, the university has the right to withdraw my MPhil Degree.

Dated: Signatures of Deponent




PLAGIARISM UNDERTAKING

I, Mr. Rizwan Jahangir Registration No. 2016-MP-ASSMS-432
solemnly declare that the research work presented in the thesis titled Theory
of Polyomino Ideals is solely my research work, with no significant
contribution from any other person. Small contribution/ help wherever taken

has been acknowledged and that complete thesis has been written by me.

| understand the zero-tolerance policy of HEC and Government College
University Lahore, towards plagiarism. Therefore, | as an author of the above
titled thesis declare that no portion of my thesis has been plagiarized and any

material used as reference has been properly referred/ cited.

| understand that if | am found guilty of any formal plagiarism in the
above titled thesis, even after the award of MPhil Degree, the university
reserves the right to withdraw my MPhil degree and that HEC/ university has
the right to publish my name on HEC / university website, in the list of culprits
of plagiarism.

Dated: Signatures of Deponent




RESEARCH COMPLETION CERTIFICATE

Certified that the research work contained in this thesis titled
Theory of Polyomino Ideals has been carried out and completed by Mr.
Rizwan Jahangir Registration No. 2016-MP-ASSMS-432 under my
supervision. This thesis has been submitted in partial fulfillment of the

requirements for the award of Degree of Master of Philosophy in Mathematics.

Date Supervisor Co-supervisor

Submitted Through

Prof. Dr. G. Murtaza

Director General, ASSMS, Controller of Examinations
GC University Lahore. GC University Lahore.



CERTIFICATE OF APPROVAL

Certified that the research work contained in this thesis titled Theory of
Polyomino Ideals was conducted by Mr. Rizwan Jahangir Registration No.
2016-MP-ASSMS-432 under the supervision of Dr. Imran Anwar and co-
supervision of Dr. Ayesha Asloob Qureshi.

It has been evaluated and the quantum and quality of the work
contained in this thesis is found to be adequate for the award of Degree of

Master of Philosophy in Mathematics.

Board of Examiners for Viva Voce

External Examiner
Name:
Designation & Office Address: Signatures:

Internal Examiner (Supervisor)
Name:
Designation & Office Address: Signatures:

Internal Examiner (Co-supervisor)
Name:
Designation & Office Address: Signatures:

Convener
Name:

Signatures:

Designation & Office Address:

Vi




Dedicated to my parents and teachers

vii



Acknowledgements

I am deeply grateful to my thesis advisor Dr. Imran Anwar for his invaluable
support, permanent encouragement, and guidance. I am specially thankful to my
co-supervisor Dr. Ayesha Asloob Qureshi for helping me to complete this thesis.
I am also thankful to her for supporting my thoughts, improving my vague ideas
and reading my numerous preprints. It was a wonderful experience to work with
her.

I would like to extend my gratitude to the entire ASSMS faculty, especially to
those lecturers whom I have learnt from. I am also grateful to the administration of
ASSMS, Higher Education Commission and Government of Punjab for providing us
with financial support. I am also thankful to Dr. Muhammad Shoaib Saleem for his
all time motivations. Further on, thanks to my friends Ali Ahmed, Ghzanfar Abbas,
Muhammad Ans Nazar and Muhammad Mohsin for valuable discussions with them.

I am thankful to my parents, brother and sister for supporting and encouraging
me with their best wishes. Specially thanks to my brother for sacrificing his own
education to support my educational expenses. Thanks to my all class-fellows and

hostel-mates.

viil



Abstract

We have studied the characterization of binomial ideal attached to a combinatorial
object polyomino. We reviewed the papers of Ayesha Asloob Qurehsi mentioned in

the references [8], [9], [12] and [13].
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Introduction

Polyominoes are two dimensional figures which are originally rooted in recreational
mathematics and combinatorics, and extensively discussed in connection with tiling
problems of the plane. A polyomino is plane figure obtained by joining squares of
equal sizes, which are known as cells. In other words, a cell is a unit square of R?
whose corners are elements in N2, and a polyomino is a finite union of cells. The first
connection of polyominoes with commutative algebra appeared in [13] by assigning
each polyomino the ideal of its inner 2-minors or the polyomino ideal.

To each polyomino P C N2, we attach an ideal Ip as follows. Let K be a field
and S be the polynomial ring over K in the variables x, with a € V(P). To each
proper interval [a,b] of N  we assign the binomial f,, = z,2, — 2,74, where ¢ and
d are the anti-diagonal corners of [a,b]. A proper interval [a,b] is called an inner
interval of P if all cells of [a,b] belong to P. The binomial f,, is called an inner
2-minor of P, if [a,b] is an inner interval of P. We denote by Ip C S the ideal
generated by the inner 2-minors of P and by K[P] the quotient ring S/Ip.

A collection of cells P is called a polyomino if it is a connected collection of
cells which means that for any two cells A, B € P there exists a sequence of cells
Ci,...,C, with Cy = A, C,,, = B, and for all i, the cells C; and C;;; have an edge
in common.

In Chapter 2, we introduce some basic concepts related to collection of cells. In
particular we introduce column convex, row convex and convex collection of cells.

The first main result in this direction is stated in Section 2.3 where it is shown



that K[P] is a normal Cohen—Macaulay domain of dimension |V (P)| — |P], if P is
convex. We define for any collection of cells P a natural toric ring T and a natural
K-algebra homomorphism K[P] — Tp.

In the same chapter, We gave a result from the paper of Qureshi that Ip is
prime ideal if P is a simple collection of cells. Roughly speaking P is simple if
it is connected and has no holes, see Section 2.1 for the precise definition. In the
Chapter 3 we study a case of non simple polyomino with prime ideal and in Chapter 4
we study the Grobner basis of our binomial ideal. The main result in this direction
is that the set of inner 2-minors of P form a reduced Grobner basis under the certain

conditions on polyomino, see Theorem 4.1.1.



Chapter 1

Preliminaries

This chapter comprises of some basic concepts that we will use in next chapters. In

this dissertation all rings considered are commutative and K denotes field.

1.1 Binomial ideals

Definition 1.1.1. Assume we have a field K and K[z, ...,x,] be a ring of poly-
nomials in n variables, denoted by S. The product of the form zi* - --z% is called
a monomial in S, where a; € N. If s = 2" --- 2%, then we write s = x, with

a=(ay,...,a,) € N

The set of all monomials in S is denoted by Mon(S). It is well known that
the ring of polynomials S has a structure of K-vector space and Mon(S) forms the

K-basis of S. Therefore, any polynomial g € S can be uniquely written as

g= Z cex® where ¢, € K.
x2cMon(S)

Moreover, the set

supp(g) = {x® € Mon(S)|c, # 0}

is called support of the polynomial g.



Example 1.1.2. For a field K, g(y, 2) = yz + y°2? — yz* € K|y, 2] and supp(g) =

{yz,y*2% yz*}.

An ideal I C S generated by monomials in S, is called a monomial ideal. In
all the ideals of ring S, the monomial ideal have a main role because they have
natural connection with many combinatorial objects such as graphs and simplicial

complexes.

Definition 1.1.3. A polynomial g in S is a binomial if g is of the form g = c,2* —
cpx® with cq,cp # 0. An ideal I C S is called binomial ideal if it is generated by
binomials in S. For example, the ideal J = (z%y — y32, 2y2? — 23y3) € K[x,y, 2] is

a binomial ideal. Binomial ideals are well studied in detail in [14].

1.2 Toric ring and defining ideal

It is a well known fact about monomial ideal that it is a prime if it is generated by
variables. However, classification for arbitrary prime ideal in a ring of polynomials
is a hard problem. In case of binomial ideals, it is known that they are prime if and
only if they are defining ideals of a toric ring.

Let A be an affine semigroup of Z" generated by {ai,as,...,a,}, that is
A = Na; + Nay + ... + Na,,.

Then u; = % are the generators of subring K[A] of Laurent polynomial ring 7' =
K[z%,...,2F] and K[A] is a K-subalgebra of the polynomial ring S = K1, ..., 7,].
Let R = K|ty,...,t,] be another polynomial ring and we define ¢ : R — K|[A]
the K —algebra homomorphism defined as ¢; — w; for ¢ = 1,...,n. Clearly ¢ is
surjective so, K[A] = R/ Ker ¢. The ideal J is called the toric ideal or defining ideal
of A.

The most distinguish property of toric ideal is that they are generated by binomials.

In particular, they are prime binomial ideals, e.g. see [4].



Definition 1.2.1. Let us consider a commutative ring R and m is the maximum
length of regular sequence in maximal ideal of R, this m is called the depth of ring
R. The number of inclusion of a chain of prime ideals in a ring R is called the length
of chain. e.g. a chain of prime ideals in R, Qo € @1 € ... € @Q; has length [. We
define the Krull dimension of ring R to be the supremum of the lengths of all chains
of prime ideals in R. In general for any ring we have depth of ring is less or equal to
the dimension of ring and the ring R is called Cohen-Macaulay if its depth is equal

to its dimension.
Example 1.2.2. The following are examples of Cohen-Macaulay ring.
1. Ring of integers Z.

2. The ring K[z]/(x?).

1.3 Grobner basis of binomial ideal

In 1965, Bruno Buch-berger developed the theory of Grébner basis for polynomial
rings and he named them after his advisor Wolfgang Grobner. This theory has be-
come fundamental field in algebra. An intensive research on this theory is developed

e.g see [4].

Definition 1.3.1. Let S be a ring of polynomials, a total order < on Mon(.S) with
the properties:

e 1 <t for all monomials ¢ in S.
e if t < w and v € Mon(S), then tv < uv.
is called a monomial order.

Examples 1.3.2. Let u = y°,v = y? be two monomials in S, where ¢ = (cy, ..., ¢,)
and d = (di, . ..,d,) are vectors in Z,. The variables are ordered as y; > y» > ... >

yn in all the followings monomial orders.



Degree lexicographic order: u < v, if either En: < En: dy, or f: cp = f: dy,
and the left most non-zero component of ¢ — d is klz;s thank;(lero. . -
Pure lexicographic order: in this monomial order u < v, if from the left side the
first nonzero of ¢ — d is less than zero.

n n n
Degree reverse lexicographic order: u < v, if either Y ¢, < > dp or Y ¢ =
n

> dg, and the right most nonzero element of ¢ — d is positive.
k=1

Definition 1.3.3. Let < a monomial order on S. for 0 # g € S, we set in-(g) to be
the largest monomial s in the support of g with respect to <, and call it the initial
monomial for g. The coefficient ¢ of in_(g) is called the leading coefficient of g with
respect to monomial order <, and cin_(g) is called leading term of g. Now we are
able to define initial ideal. Let I C S be a nonzero ideal. The initial ideal of I is

the monomial ideal

inc(!) = (in<(f)[f € L, f #0).

A sequence g1, ..., g, of elements in I with in.(I) = (in<(g1), ..., in<(g,)) is called a

Grobner bases of I w.r.t. the monomial order <.

Note that every ideal I C S has Grobner basis because in. (1) is finitely gener-
ated. Here we give some important properties of in_ (/) as below. In Section 3.3 of

[6], there is comparison of in.(I) and the ideal I is given in detail.

Theorem 1.3.4. [4, Theorem 3.3.4] Let I C S be a graded ideal and < a monomial
order on S. Then

1. dim(S/I) = dim(S/in-(I))

2. projdim(S/I) < projdim(S/in<())

3. reg(S/I) <reg(S/in.(I))

4. depth(S/I) > depth(S/ in-(I))

5. S/I is Cohen-Macaulay = S/ in.(I) is Cohen-Macaulay.
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Theorem 1.3.5. [4, Macaulay Theorem] Let < be a monomial order on S and let

I € S an ideal. Then the monomials in S which do not belong to in.(I) form a

K-basis of S/I.

For an ideal I, every set of generators not need to be a Grobner bases. While

the converse of this statement is true as given in the following theorem.

Theorem 1.3.6. [4, Theorem 2.8] Let I C S be an ideal and G = {¢1,...,gm} be
a Grobner basis of I with respect to a monomial order <. Then G is a system of

generators of I.

Now we will write an algorithm to find the Grobner basis of ideal I C S. To
explain this criterion we have to introduce the S-polynomials first. Suppose we
have J = (g,h) € S, while g,h # 0. Now we want to compute Grobner bases of
J. Certainly in.(g), inc(h) € inc(J). A candidate of a polynomial f € J whose
initial monomial does not belong to (in-(g),in-(h)) is a linear combination of g and

h such that their initial terms cancel. This leads to define

lem(inc (g), in< (h)) lem(inc (g), in< (h))
S R ()

where ¢ is the leading coefficient of ¢ and d is the leading coefficient of h. The

h

polynomial S(g,h) is called the S-polynomial of g and h with respect to <. The

following theorem gives us idea to get Grobner basis with the help of S-polynomial.

Theorem 1.3.7. [4, Theorem 2.14] Let < be a monomial order on S, and let
I =1(g1,...,9m) be an ideal in S with g; # 0 for all <. Then the following conditions
are equivalent:

() g1, .., 9m is a Grobner basis of I with respect to <.

(b) S(gi,9;) reduces to 0 with respect to g1, ..., ¢gn for all i < j.

Checking whether a set of generators hy, ..., h, of an ideal is a Grébner bases
can be rather cumbersome since we have to compute the remainder of (’;) S-
polynomials. The proposition given below is often used to lessen the manipulation

appropriately.



Proposition 1.3.8. [4, Proposition 2.15] S-polynomial of g and h reduce to zero

if their initial monomials are relatively prime w.r.t. a monomial order <.

1.3.1 Buchberger’s criterion

Assume [ to be an ideal of the ring S with a finite generating set, say H. The
Buchberger algorithm is the following:

Step 1: For every distinct pair in H we compute the S—polynomial and correspond-
ing remainder.

Step 2: If the remainder of all these such polynomials is 0 then the algorithm ter-
minates and H is so called Grobner basis of I, else one of the non-zero remainders
is affixed in our system, this obtained system of generators can again be called H

and reiterate.

This algorithm does terminate after finite steps. Indeed, each time when we add
a nonzero remainder of an S-polynomial to H, the initial ideal of H becomes strictly

larger.

Definition 1.3.9. Assume that S has an ideal J. Then the Grébner basis H =
hi,..., hy,, is called reduced Grobner basis of J w.r.t. <, if it satisfy the following:
(i) the leading coefficient of each h; is 1;

(ii) for all 7 # j no u € supp(h;) is divisible by in. (h;).

Theorem 1.3.10. [4, Theorem 2.17] Each ideal I C S has a unique reduced

Grobner basis.

Definition 1.3.11. Let J be a toric ideal. A binomial £ —x® € J is called primitive

if z¢ — 2% ¢ J such that z¢|z® and x%|z®°.

It can be noted that if £® — «® is a primitive binomial, then the monomials x®

and x® have disjoint supports.



Proposition 1.3.12. [4, Proposition 5.8] Let J be a toric ideal and G the reduced

Grobner basis of J w.r.t. <. Then any binomial of G is primitive.

Proof. Let u = % — z® € G with in-(u) = 2. Since G is reduced, it follows that
x® ¢ in_(J). Assume that there exist a binomial v = ¢ — % € J,u # v, such
that z¢|z® and x¢|x®. If in.(v) = x¢, then we must have ¢ = . It will follow
that v/ = 2% — x4 € J and in.(v') = x® since £?|x?, a contradiction. Therefore

in<(v) = x4, which is again contradiction since x%|x®. O

1.4 Lattice basis ideal

A well known class of binomial ideals is known as lattice ideals. In the following

text, we give definition and some known facts about lattice ideals.

Definition 1.4.1. Let A be a commutative group and by,...,b,, € A be distinct
elements in A. Then ¢ : Z™ — A defined by e; — b; is a group homomorphism and
the subgroup L = Ker ¢ C Z™ is a lattice in Z™. The lattice ideal I, C Kly1, ..., Ym]

associated to L is the ideal
I = (y*—y"|s,t e N with s —t € L)
Example 1.4.2. Here L is sublattice of Z3 and I, C K|[s,t,u] is a lattice ideal.

1. L =7{(4,5,6)},I; = (s*5ub — 1), A = Z?

1.5 Edge ring of bipartite graphs and their defin-
ing ideals

To begin with this, lets recall some basic definitions from graph theory.



Definition 1.5.1. A graph G is defined by its vertex set, say [m] = {1,...,m} and
of edge set E(G).

Each edge is a subset e C [n] with exactly two distinct elements. In Figure 1.1,

Figure 1.1: A simple graph with 7 vertices

there is a graph on seven vertices vy, vo, U3, V4, U5, Vg, U7 and the edges of this graph

are {Ula U2}7 {Uh U5}7 {U17 U4}7 {U27 03}7 {’Ug, /05}7 {,037 /04}7 {/047 U7}7 {Uﬁa U7}7 {U57 UG}'

Definition 1.5.2. A subgraph W of a graph G with the edge set

EW) = {{io,i1}, {1,202}, ..., {ir-1,%,}} C E(G), where g, 1, ...,1, are vertices of
G. A walk W is closed if i, = 7;. A cycle is a closed walk where the vertices
10,71, ...,1,_1 are pairwise distinct. A path in G is a walk with pairwise distinct

vertices.

Vo

Figure 1.2: A walk in G

10



Figure 1.2 is a walk for figure 1.1. this can be seen that it is a closed walk and

hence it is cycle too.

Definition 1.5.3. A graph is called bipartite if its vertex set can be partionized into
two non-empty disjoint sets V; and V5 such that any edge of G connects a vertex of

V1 to a vertex of V5.

Wy Wa Wa Wy Ws

Figure 1.3: Bipartite graph

In figure 1.3, the graph is bipartite graph with two vertex sets Vi = {vy,vq,v3}

and ‘/2 - {w17w27w37w47w5}‘

Proposition 1.5.4. [16] For a graph G, G is bipartite < cycles of G have even
length.

Proof. Consider a bipartite graph G with V; and V5 the partition of vertices of G.
So according to definition every edge of GG joins the vertices of V; to the vertices of
Vs. Let {vg,v1,...,vn} be a cycle with vy = v,,. We may assume that vy € V; then
v1 € Vo and vy € V;. According to this sequence of vertices it follows that v; € V; if
and only if 7 is even. Hence the length of the cycle must be even.

Now, assume that we have a graph G in which every cycle is even. We can also

assume that G is connected. Now choose vy € V(G) and set

Vi = {v € V(G) : the shortest path between vy and v is even}, Vo = V(G)\V;

11



It follows that no two vertices of V; are adjacent for ¢ = 1,2, because there is no

cycle in G which have odd length. Hence G is bipartite. [

Definition 1.5.5. Let G be a graph on the edge set [n] and let S = K[xy,...,z,]
be the polynomial ring. For each edge e = {i, j} € E(G) we associate the monomial
re = x;x; € S. Let E(G) = {e1,...,en} be the edge set of G. The semigroup ring
K|G] = K|z, - - ., xe,,] is called the edge ring of graph G.

12



Chapter 2

Polyominoes and Polyomino Ideals

2.1 Cells and their combinatorics

In this section, we define cells and some basic definitions related to cells. To do so,
first we recall the natural partial order defined on N? defined as: for any ¢, d € N?
with d = (k,1) and ¢ = (i, 7), we say ¢ < d iff j <l and i < k. With this notation,
if ¢ < d, then the set [c,d] = {e € N?| ¢ < e < d} is named as an interval of N2.
The interval [c,d] is a proper if j < [ and ¢ < k. The notches of this proper
interval [c, d] are the elements (k, j), (k,1), (4,1), (4, 7) and (i,1). We call the elements
(k,1), (i, 7) the diagonal corners of [c, d|, whereas the elements (k, j), (¢,) are named
as the anti-diagonal corners of [¢, d]. Also, ¢ and d are in horizontal position if j =,
and ¢ and d are in vertical position if i = k.

A cell D is a unit interval in N2, that is, D = [¢,d] is a cell if d = ¢+ (1,1). The
corners of D, denoted by V(D) are called the vertices of D. If we name e and f, the
anti-diagonal vertices of D, then the set E(D) = {{c,e},{f,d},{e,d},{c, f}} is the
edge set of D. A cell D with lower left corner e = (m, n) belong to a proper interval

¢, d] of N? if

j<n<l-1 and i<m<k-1. (2.1)

13



where d = (k,1),c = (i,7). If one of the inequalities in (2.1) is an equality then the
cell D is called a border cell of interval [c,d]. Let (k,l) and(7,j) be the lower left

corners of two cells D and F correspondingly. Then the set,
[D,E]=:{F: F € N? with lower left corner (m,n), for j <n <l i<m<k}

is called cell interval. The cell interval [D, F] is called a wvertical or horizontal cell

interval if (k,1) and (i, j) are in vertical or horizontal position respectively.

Let we have a finite collection of cells P in N2. The set V(P) = U V(C) is
vertex set and E(P) = U E(C) is the edge set of P. If v € V(P) iscspvertex of
four different cells of P,Ctefljen v is named as an interior vertex. The set int(P) =
{v € V(P) : v is interior vertex}, is called interior of P. The boundary of P is the
set V(P)\int(P) and denoted by OP. For a collection P as shown in Figure 2.1,
the bold dots are interior while all other belong to int of P.

Figure 2.1:

P is called row convex if [C, D] C P for all C,D € P such that [C, D] is a
horizontal cell interval. Similarly, P is column convex if [E, F| C P for all E, F € P
such that [E, F] is a vertical cell interval. If P is row convex as well as column
convex, then P is called convex. Figure 2.1 shows a convex collection of cells and

the collection of cells P in Figure 2.3 is row convex but not column convex.

Two cells A and B in P are called weakly connected cells if there exist cells
A=J,...,J, = Bsuch that J;NJi.1 # 0 fori=1,...,m — 1, and they are said
to be connected if J; N J;11 is particularly an edge. If in a P all cells are connected,

then P is a polyomino, e.g. see Figure 2.3.

14



Figure 2.2: Weakly connected collection of cells

Figure 2.3: Polyomino

For any finite collection of cells, Z = [c,d] C N? is a proper interval of N2
such that vertices of P are contained in interior of Z. A polyomino is simple if
any cell C' of [a,b] which is not in P is connected to a border cell D of [a,b] by a
path C = Jy,...,J,, = D such that J; ¢ P for all i = ¢,...,m. For example see
Figure 2.4.

Non-simple Simple

Figure 2.4:

15



Let Py1,Ps, ..., P, be connected components of a P. We attach a graph H to P
with V(H) = [m] and {j,1} € E(H) if P; NP, # 0. Here we list all combinatorial

properties of finite collection of cells and in particularly polyomino given in [13].

1. Let P be a weakly connected and convex collection of cells, and let a,b € V(P)

be two vertices which are in horizontal or vertical position. Then [a,b] C V(P).

2. Let P be a weakly connected and convex, and [g, k| be a proper interval in N2.

If the corners of [g, h] belong to V(P), then the cells of [g, h] belong to P.

3. Let P be a simple polyomino and P; and P, be two connected components of

P. Then ‘,Pl OPQ‘ < 1.

4. If P is a weakly connected and simple collection of cells then the associated

graph G is a tree graph.

2.2 Polyomino ideals

Let P be a polyomino and S be the ring of polynomials over a field K whose vari-
ables are indexed by vertices in P, that is, S = K[z, : u is a vertex of P]. For every
proper interval [c,d] of N?, there is a binomial f., = z.x4 — .z, where e and f
are antidiagonal vertices of [c,d]. If all the cells of [¢,d] € P, then [c, d] is called an
inner interval of P and the binomial f. 4 associated to [c, d] is called inner 2-minor
of P. The ideal Ip = (f,|[a,b] is an inner interval) C S is called polyomino ideal.
The quotient ring S/Ip attached to P is denoted by K[P].

The interesting question here is: For which classes of polyominoes, the associ-
ated ring K[P] is a domain? In other words, we want to find out the classes of
polyominoes, the attached polyomino ideals are prime. The prime monomial ideals
are well understood and have a precise characterization. They are the ones which

are generated by variables. However, understanding the primality of binomial ideal
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is a hard question. As mentioned in chapter 1, a binomial ideal is prime if and
only if it is a toric ideal of a suitable toric ring. As a first attempt to study the
primness of polyomino ideal, in [13] it was shown that for a convex polyomino, the
polyomino ideal can be seen as a toric ideal. In fact it was shown thatfor a convex
polyomino, the polyomino ideal is same as toric ideal of an edge ring of a bipartite
graph. Later on, this concept was generalized to the case of a simple polyomino
in [12]. In the following text, we explain that how one can develop a connection

between a polyomino ideal and a suitable bipartite graph.

2.3 Convex polyominoes and their associated bi-
partite graphs

Assume that P is a polyomino and [c,d] C N? is the smallest interval such that
vertices of P are contained in [c,d]. We may assume that ¢ = (1,1) and d = (m,n).
We attach a bipartite graph to P as follows. Let H be a bipartite graph with
bipartition of vertices given as {s1,..., 8, U{t1,...,t,}. Then {s;,t,} € E(H) iff
(7,1) € V(P). The edge ring K[H] attached to H is given by

K[H| = K[sjt;: (j,l) € E(H)] C K[s1,...,Sm,t1,...,tn].

With the identification of each vertex of P as an edge H, the toric ring K[H]

can also be presented as,
K[H] = K|[sjt;(j,1) is a vertex of P] C K[s1,...,8m,t1,...,ts).

Let ¢ : S — R be a K-algebra homomorphism such that z;; — s;¢;, for all (j,1)
from vertex set of P. We denote the toric ideal Ker(y) by Jp. The ideal Jp is well
studied, for example see [11], [16]. To be able to describe the generators of Jp, we
first give the following definitions.

C C V(H) is a cycle, if C = {si;,tj1, Sigs tjpys - - -+ Sir_1stjo 1, Sips Ly} such that
{si,,tj, } and {t;, ;. } belongs to E(H) for each &k = 1,...,r. The cycle C is
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called an even cycle if |C| is even. To a given cycle C in GG, we associate a binomial
fo = Xij\ Tigjy - Tir_1ji_ 1 Tirj, — Tigji Tigjs - - - Tinj,_,Tirj,- 1t is known that the toric
ideal Jp attached to K[H] is generated by those fe for which C is an even cycles ,
see [11, Lemma 1.1} and [16, Proposition 8.1.2].

With the identification of each vertex of P with an edge of the bipartite graph
G, we observe the following fact. Each inner minor of P correspond to a cycle of
length 4 in GG. From this fact, we see that Ip C Jp. Note that in general, Ip # Jp.
The interesting question that arise here is that for which polyominoes do we have
Ip = Jp, because this equality gives us the class of polyomino where the attached
ideal is prime. In [13], it is shown that this equality hold if P is a convex polyomino.

The details are given in following

Theorem 2.3.1. [13, Theorem 2.2] If P is a convex polyomino. Then S/Ip is a
normal and Cohen-Macaulay domain of dimension |V (P)| — |P|. In particular, if P
is weakly connected and [c, d] is the smallest interval such that V(P) C [a,b]. Then
K[P] is a Cohen-Macaulay domain with dim K[P] = size([c,d]) + 1.

Proof. Let Py,..., P, be the components of P. Then V(P) = Ij V(P;) and Ip =
i=1

f} Ip,. So, K[P] is a Cohen-Macaulay and normal domain iff every K[P;] is. We
ZH:L;y consider that P is weakly connected. From [13] it follows that I» = Jp. Hence,
K[P] = S/Ip is domain, since Ip is prime. We know from [16, Proposition 8.1.2]
and [11, Lemma 1.1] that universal Grobner basis of Jp are generated by binomials
that corresponds to even cycles of graph G attached to P. Which shows that in.(1p)
is square-free w.r.t. any monomial order <. Then by using the theorem by Strumfles
[15] and [1, Theorem 6.3.5] we obtain that K[P] is normal and Cohen-Macaulay.
Since, |V(P)| — |P| = Zq: |[V(P;)| — |P| and K[P] = K|[G|, where K[G] is edge ring
of bipartite graph attaglled to P. So we can use [16, Corollary 8.2.13], which states
that dim K[G] is cardinality of vertex set of G difference 1 for connected bipartite
graph G.
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Let I = [c,d] C N? be the smallest interval such that V(P) C I. We may as-

sume that ¢ = (1,1) and d = (m,n), then size([c,d]) = m +n — 2. So with the
identification of edge ring of G with K[P] that V(G) = {s1,...,sm} U {t1,...,tn}.
Therefore dim K[P] = (m +n) — 1 = size([c, d]) + 1.
Now only remain to show that |V(P)| — |P| = size([c,d]) + 1. We will use mathe-
matical induction to prove this. When P is consist of one column then the formula
is true. Now let R be the cells after removing the right most column @ of R,
and [/, d’] be the smallest interval such that V(R) C [/, d]. Suppose that @ has
t number of cells which are sharing edge with the cells of R and r number of re-
maining cells in ). Then [V(P)| = [V(R)|+2r+t+1, |P| = |R|+r +t and
size([e, d]) = size([¢, d']) +r + 1.

2.4 Simple polyominoes are prime

Firstly, let’s recall the definition for simple polyomino. Let P be a polyomino and
let I = [a,b] be an interval of N? such that P C I. A polyomino P is simple if for
any cell C' not belonging to P there exist a path of cells C' = C;,Cs,...,Cy = D
with C; ¢ P for ¢ = 1,2,...,k such that D is not cell of I. Roughly speaking, a
simple polyominoes are those polyomino which do not allow any holes. One can
easily see that a convex polyomino is also a simple polyomino because the convexity
of a convex polyomino does not not allow any holes in it. In [12] and [7], it is proved
Ip is prime for simple polyominoes. In particular, in [7], the proof of primality of
convex polyomino was extended to the cases of simple polyomino. Before stating

this result, we give some related definitions.

Assume P is a polyomino. An interval [c,d] with d = (k,l) and ¢ = (i,7) is
called a horizontal edge interval of P if the sets {r,j} for r =4,...,7 — 1 are edges
of P and j = [. A horizontal edge interval is maximal if it is not contained in any
other horizontal edge interval of P. Similarly, we define vertical edge interval and

maximal vertical edge interval.
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Let {Vi,...,V,,} and {H;,..., H,} be the set of maximal vertical and horizontal

edge intervals of P respectively. We attach to P a bipartite graph H(P), with set

of vertices {vy,va, ..., U} U {hy, ho,..

for (i,7) = V; N H; € V(P).

., h,} such that {v;, h;} is an edge in G(P)

Hy

H;

H,y

Figure 2.5: Maximal intervals of P

Vi

h

Vs Ve Vs

h, hs h,

Figure 2.6: Associated bipartite graph of P

Let S = K[z where (j,1) is a vertex of P| be a ring of polynomials over a field

K as before. We will write x;; for zv, np,, whenever V,NH, = {(j,1)} To each cycle

C:vjy, by, vy, iy, ..., vj,, ly, in H(P) we associate the following binomial

fC = LTj1l1 Ljaly * *

A sequence of vertices Cp = aq,as, ...

if it satisfy:

"Ll T LTilaTyals - Tyl

,a, in V(P) with a; = a, is called cycle of P
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e [a;,a;41] is a horizontal or vertical edge interval of PVj =1,2,...,p — 1.

o for j = 1,2,...,p if [aj,a;11] is a vertical edge interval then [a;i2,a,43] is a

horizontal edge interval and vice versa. Here, a,y; = as.

If each maximal interval of P has maximum two vertices of Cp, then Cp is
primitive. A cycle Cp : aq,as, ..., any,a; in P has a self crossing if there are 7,1 such
that a;,a;11 € V, and a;, ai41 € Hy with V, N H, # 0. In this case v, h, is edge of
G(P) which gives us a chord. Similarly if Cp is a cycle in P having no self crossing
then area bounded by edge intervals [a;, a;11] and [a,, a1 for i = 1,2,...,r—1. The
following lemma is a main tool to prove that simple polyomino are prime. In order
to prove this lemma we recall from chapter 1 that graph is weakly chordal if G has
always chord in every cycle which has length greater than 4. We set,

K[H(P)| = K[vjh : (j,1) =V,NH, € V(P)] CT = K[v1,vV2,...,Um, h1,ha, ... hyl.
Let ¢ : S — T be a K—algebra surjective homomorphism as x;; ~— v,hq. The toric
ideal of K[H(P)] is denoted by Jp. It is known from [11] that binomials associated

with cycles in G(P) generate Jp.

Lemma 2.4.1. [12] Let P be a simple polyomino then the bipartite graph G(P)

associated to P is weakly chordal.

Proof. Let G(P) is a bipartite graph associated to simple polyomino P. Let C :
Viys Ny, Vigs Ry, .o, i, By be a cycle of length 2n. If n = 1,2 nothing is to prove,
so consider n > 3. Also assume that C has no self crossing it implies that C has a
chord.

Consider the associative primitive cycle Cp : V;, N H;,,V;,, N H;,V;, N Hj,, ..., Vi N
H;  ViyNH; . We can write a; = V;, NH; a0 = Vi, NHj,,a3 = Vi, NHj,, ..., a2p—1 =
Vi. N Hj a2, = Vi, N Hj,. By the definition of Cp assume that a;,ay are in same
horizontal edge interval and a,,, a; are in a single vertical edge interval.

Firstly, we will show that int(Cp) is in P. For this, assume we have a cell D € Cp

such that D ¢ P. Let £ C N? with P C L. Since P is simple, so there exists a path
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of cells C' = C4,Cy,...,C, with C; ¢ P for j =1,2,...,p and C, is a boarder cell
of £. This gives us that,

V(CHUV(Cy)U...UV(Cp)

intersect at least one of the [a;,a;41] for j = 1,2,...,7r — 1 or [a,, a], which con-
tradicts that Cp is a cycle in P, hence D belongs to P. This shows that interior
intervals of Cp are contained in inner intervals of P.

Let M be a inner interval of Cp which is maximal and a;,as € M. Consider ¢, b
are the corner of M and assume that aq,b are vertices on diagonal and as,c are
antidiagonal vertices. Since a1, ay € V(Cp), and if ¢,b € V(Cp) then length of cycle
C is 4 since Cp is primitive.

Suppose ¢ ¢ V(Cp) and H' be a maximal horizontal edge interval such that ¢,d € H'.

As M is maximal inner interval, so it gives that H' NV (Cp) # ¢. For example see

Figure 2.7 and 2.8.Therefore, {v;, } is a chord in C. O
H/,,,b - c R
T
Q. az

Figure 2.7: When b,c € V(Cp)

(=
i)

ay az

Figure 2.8: When b ¢ V (Cp)

Theorem 2.4.2. [12] Let P be a simple polyomino then, Ip = Jp.

Proof. First we will show that I» C Jp. Let f = x;;2 — xq2k; € Ip. Then we have

Vp, V, and H,, Hy maximal horizontal and vertical edge intervals in such a way that
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(i,0),(1,7) € Vp, (K, 1), (k,j) € Vi, (k,j),(i,7) € H, and (k,1),(i,]) € Hs. It gives
that ¢(z;;x,m — Tyzk;) = vphehsvy — vyhsh,v,, which implies that f € Ker(y) = Jp.
Hence, Ip C Jp.

Now we have to show that Jp C Ip. It is known from [11] and [10] that Jp
is generated by quadratic binomials associated to cycles of length 4 for a weakly-
chordal graph. So it is sufficient to prove that fe € Ip in order to prove Jp C Ip.
Assume we have an interval M in such a way that all the cells of P are contained in
Mand C : hy, vy, he,vy. Then the associative primitive cycle in P is Cp : HiNVy, HoN
Vi, Hy N Vo, Hy N'V5. We may assume ay; = Hy NVy, a9 = HyN Vi a0 = Ho NV
and a;o = Hy NV, As shown in the proof of above lemma Cp determine an interval
in . Let ay; and ass be the diagonal vertices of K. Now we need to show that
IC = [a11, azs] is an inner interval.

Contrarily, suppose that I is not an inner intrval, then there is cell £ of K which
do not belong to P. So, we have a path of cells £ = Ey, Es, ..., E, with E; ¢ P for
j=1,2,...,pand D, is a border cell of K. Then

V(D) UV(Dg)U...UV(Dy,)

cuts minimum one the maximal intervals Vi, Vy, Hy, Hy, say V; which contradicts the

fact that V; is an edge interval. Hence K is an inner interval of P and f¢ € Ip. O

Corollary 2.4.3. [12] Let P be a simple polyomino. Then K[P] is Koszul and a

normal Cohen-Macaulay domain.

A polyomino ideal may be prime even when the polyomino is not simple. In the
upcoming chapter we discuss some certain cases where polyomino ideal is prime for

a non simple polyomino.
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Chapter 3

The case of nonsimple

polyominoes

3.1 polyomino with one hole

As we have seen in previous section that polyomino ideal associated to simple poly-
omino is prime. Here in this section we discuss a case where the ideal is prime but
polyomino is non-simple. We will use some terminology in the following theorem.
Let’s define these terminology here. Let Z C N? be an interval. Then cells of Z form
a polyomino and we write is as Pz. The B(P) is the collection of all boundary cells

of P.

Theorem 3.1.1. Let Z C N? be an interval and P a convex polyomino which is
sub polyomino of Pz. Let P¢ = Pr\P and suppose that P is a polyomino. Then

the polyomino ideal Ipc is a prime ideal.

Proof. Here we have two possibilities when B(P) N B(Pz) # 0, the polyomino P¢ is
a simple polyomino, see figure 3.2 and the ideal Ip. is already a prime ideal. So we
may assume that B(P) N B(Pz) = 0.

Let Z = [a,b] with ¢ and d be the anti-diagonal corners of Z, where b and ¢ are in

horizontal position. Then by theorem 4.1.1 x. can not divide the initial monomial
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c qi b= (k1)

T Di (F1 h)

(i1, J1)

a=(j) Figure 3.1:

of any binomial from the reduced Gro bner basis of Ipc w.r.t. lexicographic order
<. This implies that z. is nonzero divisor in S/in_Ip. and hence in S/Ip.. To
prove that S/Ip. is integral domain we will prove that (S/Ipc),, is integral domain.
Here (S/Ipc),, is the localization of S/Ip. at the element x.. To prove (S/Ipc),. =

Sz./(Ipe)s, is integral domain, we show that
(I,Pc)xc = IP,SfEc

where P’ is a simple subpolyomino of P¢ or we can say that Ip/ is a prime ideal [4
and 8].

Let A = {p1,p2,...,pm} be the set of vertices of P¢ for which there is an interval
[7i,q;] of P¢ whose anti-diagonal corners are ¢ and p;. see Figure 3.1. Here we can
see that ; € [a,c] and ¢; € [, b], Now as z,,x, — .2y, € Ipc and as we know z. is
invertible in S, so z,, = z4,z,x." in Sy /(Ipc)s,. Hence the variables z,, can be
ignored in S, /(Ipc),,, while p; € A.

Let’s take two elements p;, P; from A for which [p;, p;] is an interval of P¢, then the
anti-diagonal corner of [p;, p;| are also in A. Thus fy, ,, = p, 7, — 7,2y, is an inner
binomial of P¢, where p;, and p; are anti-diagonal corner of [p;, p;].

Let [v,p;] be an interval of P¢ such that v ¢ A and p; € A. As [ry, p:]\{r:} C A,
this implies that the anti-diagonal corner p) of [v, p;] which is in horizontal position
with p; is also in A. Let v" be the other anti-diagonal corner of [v, p;], then the inner
binomial ), — ), can be written as x,, (v,2q, — 2y, ) in Ipe. Similarly, if [p;, v]

. . ;. . , .
is an interval of P¢ then x,x,, — Ty, IS a multiple of z,z,, — 2, in Ipe.
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Let P’ is a collection of cells of P¢ obtained after the removing of all cells that
appear in 6 Pprig) and a = (4,7),b = (k,1), then ¢ = (i,1). Now we choose m; =
(i1,71) € Z‘;EP) such that for any m € V(P) we have m; < m. Similarly we
choose n; = (k1,11) € V(P) such that for any n € V(P) we have n; > n. In P’
we identify the vertical interval [a, (7, j1)] with [(i1, ), (i1, j1)], and the horizontal
interval [(ki1,01), (k, ;)] with [(k1,1),b]. With this identification and using the above
arguments we have Ip/S,, = (Ipc),,. Now only we have to prove that P’ is a simple
polyomino. First we will show that in this construction P’ is a polyomino indeed.
Let B be the collection of border cells of Pz belonging to P’. Then B is connected.
Using the convexity of P, we can see that every cell of P’ is connected to at least
one cell of B, hence P’ is connected and is polyomino, as desired.

Second, we prove that P’ is simple. Let J be an interval such that P" C Pz C Py.
Contrarily suppose that P’ is not simple. Then we have a cell D ¢ P’ for which
every path connecting D to border cell of P; must contain at least one cell of P’.
Then the inclusion P C P°¢ shows that D must be cell of convex polyomino P.
Then by using this argument we can say that every cell of P¢ whose edge intersect
with B(P) must be contained in P’, which can not be possible by our construction

of the P’. Hence P’ is simple polyomino. ]

Figure 3.2: When B(P) N B(Pz) # 0
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L % % %
24 4 REB1 A2
L xm L5 A6

Figure 3.3: A polyomino P
3.2 Toric ideals of finite graphs

We have seen that polyomino ideals for simple polyominoes are prime. In the above
section we have discussed a case where polyomino ideal is prime but the polyomino
is non-simple. However, these binomial ideals belong to a subclass of binomial ideals
arising from Koszul bipartite graphs ( [10]). Thus, this provides a view point for
a new class of binomial ideals which are prime, the study of nonsimple polyomino
ideals is indispensable.

We show that the ideals of Theorem 3.1.1 cannot come from finite simple graphs.

The following result shows our views.

Theorem 3.2.1. [8] Let Z C N? be an interval and P a simple polyomino which
is subpolyomino of Pz. Let P¢ = Pz\P and suppose that P¢ is a polyomino. Then

its polyomino ideal can not come from a finite simple graph.

Proof. Let J C N? be the smallest interval such that V(P) c J. Now we choose
xy,...,216 € V(P) as shown in Figure 3.3.

Assume that there exist a finite simple graph G with vertex set V(G) and edge set
E(G) in such a way that the ideal Ip is equal to toric ideal I arising from graph
G. Let K[G] = K|t;t;|{i,j} € E(G)] be the edge ring of G. Then we have an
isomorphism ¢ : K[P] — K[G] defined as ¢(z,) = t;t; where {7, j} is unique edge
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of graph G.

The 2-minor xox7 — x3x6 is an inner minor of P¢, so ¢(rax7) = ¢(r326). Assume
that ¢(x) = t;t;, then ¢(x7) = tt; where 4, jk,[ are pairwise distinct vertices of
G and {i,j},{k,l} € E(G). Then ¢(z3x¢) = t;t;txt; which gives us the following

possibilities:

(i) @(xs) = tity and ¢(xe) = 15t
(i) ¢(xs) = tit; and p(xe) = t;ty
(iil) ¢(x3) = t;tx and ¢(x4) = Lty
(iv) d(ws) = t;t; and ¢(xg) = tity

We may assume that ¢(z3) = t;ty and ¢(vg) = t;t; because the discussion is
same for the remaining cases. By using the inclusion x1z¢ — xoxs € P°¢ and
d(z2) = tit;, ¢(xg) = tjt;. So we see that ¢(x1) = t;t, and ¢(x5) = t;t, where
{i,p},{l,p} € E(G) for some p € V(G)\{i,7,k,l}. Note that p = k because oth-
erwise ¢(x5) = ¢(x7) = tgt;, which is not possible. Now from zsx19 — xgx9 € Ipe
and ¢(x5) = tpt;, p(xs) = tjt;, we obtain ¢(x10) = t;t, and ¢(zg) = t,t, for some
q € V(P)\{i,p,l,j}. Continuing in the same way, from xgx14 — z10213 € Ipe and
d(r9) = tpt, and ¢(x10) = tit,, we get ¢(x14) = t,t; and ¢(z13) = t.t, for some
r € V(P)\{4,7,1,p,q}. Then, by using z10215 — 211714 € Ipe, d(w10) = tt, and
P(w14) = tt; , we get @(x15) = tst, and P(z11) = L, for some s € V(P)\{j,p.q,7}.
Furthermore, by using z3zs — x427 € Ipe, ¢p(x3) = t;t; and ¢(x7) = txt;, we obtain
d(xq) = tit, and ¢(zs) = tit, for some y € V(G)\{i,k,1,7,p}. Similarly, from
712 — T11xs € Ipe, p(x7) = tyt;, d(xs) = t, b and ¢(xq11) = tst,, it follows that
ti|tsty. Thus, one has either k = s and ¢(x12) = t4t, or k = ¢ and ¢(z12) = tst,.

Let k = s, then ¢(zex11 — x7210) = (t;t;)(tit,) — (titi)(t;t,) = 0, which guarantees
rer11 — T7x10 € I. However, one has z¢x11 — 7210 ¢ Ipe, because it is not an inner
minor of P¢ and it gives us a contradiction to our assumption I = Ip. . Hence,

k = q and (x12) = tst,. But then x11216 — z12215 € Ipe = I, p(212215) = (tsty) (tsty)
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and ¢(x11) = tstg. Thus, one has either k = r or k = s, which is not possible;
otherwise either ¢(x11) = tt, = ¢(x15) or ¢(x11) = t2. As a result, we conclude that

I # Ipe for any finite simple graph G. ]
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Chapter 4

Grobner bases of polyomino ideal

4.1 Grobner bases of polyomino ideal

Let P be a polyomino and S = K|z, : a € V(P)] be a polynomial ring, as before.
Here we will use the degree lexicographic order, such that for a = (i,7),b = (k,1) €

P, z, < xp if a < b. The basics about Grobner basis are given in Chapter 1.

Theorem 4.1.1. [13] Let P be a polyomino. Then the set of inner 2-minors of P
form a reduced (quadratic) Grébner basis w.r.t. <[ _ if and only if for any two inner
intervals [a, b] and [b, c] of P, either [e, c] or [d, | is an inner interval of P, where d
and e are the anti-diagonal corners of [a, b], see Figure 4.1 .

C

Proof. Let P be a polyomino and N be the set of inner 2-minors of Ip. We will

consider firt term as a leading term for every binomial. The set A/ makes a reduced
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Grobner bases of Ip w.r.t. < iff all S—polynomials of N reduce to zero. Consider
Japs [rs € N given by fop = 2px, — eq and f.s = 2,2, — 2,24, where d,c are

antidiagonal vertices of [a, b], and p, ¢ are antidiagonal vertices of [r, s], as shown in

Figure 4.2.
b S
C b
a d
r q
Figure 4.2:

We take the nontrivial case where ged(ine(fap),in<(f.s)) # 1. We can consider
one of the followings: (i) a =r, (ii) b=s, (iii) a=s (or b=r).

Take the first one when @ = r. Let 2, > x;,. Then f,, = z,2, — 2p7, and
S(faps fas) = TprpTy — Tskexg. Also let p # ¢ and ¢ # d, otherwise trivially,

S(faps fas) reduces to zero. Then possible situations are shown in Figure 4.3.

c b c b
p S h p h S
a q d a d q
s<b s<£b
Figure 4.3:

When s < b, we have

S(faps fas) = g(TpTp — Teh) + To(TRTy — T5Ta)
When s £ b, we have

S(faps fas) = T(TpTp — Th) — Te(TsTg — ThTy)

It depicts that in all above situations S(fqp, fa.s) reduces to zero w.r.t. the inner

2-minors fpp, and f 5 (or fqs) of P, where h € [b,d] as shown in Figure 4.3.
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Figure 4.4:

Now we consider the special situation when a = s, see Figure 4.4.
Then S(faop, fra) = TpTpTy — Trax, reduces to zero iff either [p, b] or [g,b] is an

inner interval, which completes the proof. m

Corollary 4.1.2. Let Z C N? and P a convex polyomino which is subpolyomino of
Pr. Let P¢ = Pz\'P be a polyomino. Then the inner 2-minors of P¢ form a reduced

Grobner bases of Ipe W.r.t., <jex.

4.2 Grobner bases of balanced polyominoes

Assume P be a polyomino and ¢, d are two vertices of P which are in vertical (hor-
izontal) position, then the interval [c,d] is called vertical (horizontal) edge interval

of P.

Figure 4.5:
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In [13] it is defined that an integer value function a defined on vertices of poly-
omino is admissible, if ¥V maximal horizontal intervals or maximal vertical intervals

[a, b] one has
> ale)=0
c€la,b]
In Figure 4.6 an admissible labeling of the polyomino displayed Figure 4.5 is shown.

4 2 2

3 =3 0

0 1 2 1
2 1 3 1 1
2 1 4 : :
0 0

Figure 4.6: An admissible labeling

For an admissible labeling o we define a binomial in S = Klz,: a € V(P)]

fo= T[ 0@~ T a;°@.

a€V(P) a€V(P)
afa)>0 a(a)<0

Let Jp = (f.|c is an admissible labeling of P) C S. Clearly, the polyomino ideal
Ip is contained in Jp. A polyomino P is called balanced polyomino if f, € Ip for
any admissible labeling «, i.e. Ip = Jp.

Take the free-abelian group G = @(; j)ev (p)Ze;; With bases elements ¢;;. To any cell

61]

D =[(i,7), (i+1, j+1)] of P we attach a binomial gp = €;;+€;41 j+1—€it1,j—€ij41 €
G and let A C G be the lattice spanned by these elements.

Lemma 4.2.1. [9] The elements gp make a K-basis of A and hence rankzA = |P].

Moreover, A is saturated, i.e. G/A is torsion-free .

We denote by I, the lattice ideal generated by all binomials of the form

fo= 11 w&— T o™
ceV(P) ceV(P)
ve>0 <0
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where v € A. In [9] it is proved that, if P is a balanced polyomino then Ip = I,.
And for a balanced polyomino P, the Ip is a prime ideal of height |P].

4.2.1 Primitive binomials

We will identify the primitive binomials in Ip for a balanced polyomino P. In this
way we will be able to show that the initial ideal of Ip is squarefree monomial ideal
w.r.t. any monomial ideal. The definition of a cycle in P is given in Chapter ?7.
Given a cycle C of length m we attach a binomial
(m—1)/2 (m—1)/2
fC = H Lag;—1 — H Lay;
i=1 i=1
Theorem 4.2.2. [9] Let P be a balanced polyomino.

1. Let C be a cycle in P. Then fe € Ip.

2. Let f € Ip be a primitive binomial. Then their exists a cycle C in P such that

each maximal interval of P contains at most two vertices of C and f = +f¢ .

Corollary 4.2.3. Let P be a balanced polyomino. Then Ip admits a squarefree

initial ideal for any monomial order.

34



Bibliography

1]

3]

[4]

W. Bruns, J. Herzog, Cohen Macaulay Rings, Revised edition, Cambridge:
Cambridge University Press, (1996).

A. Conca, J. Herzog, Ladder determinantal rings have rational singularities,

Adv. Math. 132 (1997), 120 — 147.
V. Ene, Syzygies of Hibi Rings, Acta Math. Viet., 40, 403-446 (2015).

J. Herzog, V. Ene Grébner bases in Commutative Algebra, GSM 130, AMS
2012.

M. Hochster and J.A. Eagon, Cohen—Macaulay rings, invariant theory and
the generic perfection of determinantal loci. Amer.J.Math. 93, 1020-1058
(1971).

J. Herzog, T. Hibi, Monomial Ideals, GTM 260, Springer, 2010.

J. Herzog, S. S. Madani, The coordinate ring of simple polyomino, Illinois J.

Math., 58, 981-995, No. 4 (2014).

T. Hibi, A. A. Qureshi, Nonsimple polyominoes and prime ideals, Illinois J.
Math., 59, 391-398, No. 2 (2015).

J. Herzog, A. A. Qureshi, A. Shikama, Grébner bases of balanced polyominoes,
Math. Nachr. 288, No. 7 (2015)

35



[10] H. Ohsugi, T. Hibi, Koszul bipartite graphs, Adv. Appl. Math., 22, 25-28,
(1999).

[11] H. Ohsugi, T. Hibi, Toric ideals generated by quadratic binomials. J. Algebra
218, 509-527 (1999).

[12] A. A. Qureshi, T. Shibuta, A. Shikama, Simple polyominoes are prime, J.
Commut. Algebra, 413-422 No. 3 (2017)

[13] A. A. Qureshi, Ideals generated by 2-minors, collections of cells and stack
polyominoes, J. Algebra 357, 279-303 (2012).

[14] B. Sturmfels, D. Eisenbud, Binomial ideals, Duke Math. J. 84, 1-45 (1996).

[15] B. Sturmfels, Grobner Bases and Convex Polytopes, Amer. Math. Soc., Prov-
idence, RI, (1995).

[16] R. H. Villarreal, Monomial Algebras, New York: Marcel Dekker Inc. (2001).

[17] U. Vetter, W. Bruns, Determinantal rings, Lecture Notes in Mathematics,
Springer, (1988).

36



